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Global conformal invariance (GCI) of quantum field theory (QFT) in two and higher 
space-time dimensions implies the Huygens' principle, and hence, rationality of corre- 
lation functions of observable fields [29]. The conformal Hamiltonian H has discrete 
spectrum assumed here to be finitely degenerate. We then prove that thermal expec- 
tation values of field products on compactified Minkowski space can be represented as 
finite linear combinations of basic (doubly periodic) elliptic functions in the conformal 
time variables (of periods 1 and t) whose coefficients are, in general, formal power series 
in qz = e I7rT involving spherical functions of the "space— like" fields' arguments. As a 
corollary, if the resulting expansions converge to meromorphic functions, then the finite 
temperature correlation functions are elliptic. Thermal 2-point functions of free fields 
are computed and shown to display these features. We also study modular transfor- 
mation properties of Gibbs energy mean values with respect to the (complex) inverse 

temperature r (Imr = — > 0). The results are used to obtain the thermodynamic 

27T 

limit of thermal energy densities and correlation functions. 
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1. Introduction 

The modular group SL(2,Z) (=: T(l)) arises as the symmetry group of an ori- 
ented 2-dimensional lattice. Usually - including our case - this is the period lattice 
of an elliptic function. The factor group PSL (2, Z) = SL (2, Z) / z of SL (2, Z) with 
respect to its 2-element centre Z 2 = ac ts faithfully by fractional linear trans- 

formations on the upper half-plane 

5:={reC:/ m r>0}, g (r) = for g = ^ ^ e SL (2, Z) . (1.1) 

The modular inversion, the involutive S'-transformation of $j, 

S= (J-J) :T ^-I (/mr>0), (1.2) 

which relates high and low temperature behaviour, is the oldest and best studied 
example of a duality transformation [21] (for a recent reference in the context 
of elliptic functions that provides a historical review going back to 19th century 
work - see [10]). It naturally appears in the study of finite temperature correlation 
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functions in a conformally invariant field theory (CFT). The case of 2-dimensional 
(2D) CFT has been thoroughly studied from the point of view of vertex algebras in 
[38] . The present paper builds on the observation that this analysis can be extended 
in a straightforward manner to the recently developed GCI QFT (see [29] [27] [28]). 

1.1. Conformal invariance in QFT 

The conformal group C acts on Minkowski space M by local diffeomorphisms which 
preserve the conformal class of the metric form, - i.e. multiply it by a positive factor. 
Unlike the Poincare group, C acts, in general, by nonlinear transformations on M 
which may have singularities on a cone (or on a hyperplane). Furthermore, C has an 
infinite sheeted universal cover. In view of these peculiarities, there exist different 
notions of conformal invariance in QFT. In order to make clear the concept of 
GCI QFT we shall briefly discuss these notions in the framework of axiomatic 
QFT ([34]). 

The weakest condition of conformal invariance in QFT is the infinitesimal con- 
formal invariance of the Wightman functions. This yields a system of first order 
differential equations for each Wightman function (displayed in Sect. 2.2). Accord- 
ing to the Bargman-Hall- Wightman theorem (see [18] Sect. IV. 4-5) the Wightman 
functions are boundary values of analytic functions, holomorphic in a complex do- 
main, the so called symmetrized extended tube, which contains all non-coinciding 
cuclidean arguments. As a result, the same (complexified) system of differential 
equations is satisfied by these analytic functions and hence by their (real ana- 
lytic) euclidean restrictions that define the so called non- coinciding Schwinger (or 
Euclidean Green) functions which are, therefore, invariant under (Euclidean) in- 
finitesimal conformal transformations. 

We thus see that the conditions of infinitesimal conformal invariance for each 
element in the hierarchy of functions - Wightman distributions, their analytic con- 
tinuations, and the Schwinger functions - are equivalent. The global, i.e. group, 
version of conformal invariance is more subtle. 

We recall that there exist conformal compactifications of both Minkowski and 
Euclidean space, such that the local actions of the corresponding conformal groups 
can be extended to everywhere defined ones. The conformally compactified Eu- 
clidean space is just the (simply connected) sphere S D . It follows that the infinites- 
imal Euclidean conformal invariance is equivalent to invariance under the Euclidean 
conformal group. Compactified Minkowski space M, on the other hand, is isomor- 
phic to S 1 x S _1 /z 2 so that it has an infinite sheeted universal cover, M. One can 
only integrate, in general, the conditions of infinitesimal invariance to invariance 
on this infinite sheeted cover, the finite conformal transformations on M becoming 
multivalued if projected on M. Assuming euclidean conformal invariance Liischcr 
and Mack [23] have thus established invariance of the QFT continued to M under 
the infinite sheeted covering of the Minkowski space conformal group and called 
it "global conformal invariance" on the universal covering space. The above anal- 
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ysis shows that it is, in fact, equivalent to infinitesimal conformal invariance in 
Minkowski space. 

By contrast, the GCI condition introduced in [29] 1 , invariance under finite con- 
formal transformations g in Minkowski space M (whenever both x and gx are in M) 
is stronger since it allows to continue the Wightman functions to invariant distribu- 
tions on M. Combined with locality GCI on M implies the Huy gens' principle - the 
vanishing of field (anti)commutators for non-isotropic separations-since it allows to 
transform space-like into time like intervals. Under Wightman axioms the Huygens 
principle is equivalent to strong locality (i.e. the algebraic condition (2.22)). (Note 
that only in even dimensional space-time the canonical free massless fields and the 
stress-energy tensor satisfy the Huygens principle.) Strong locality and energy pos- 
itivity imply the rationality of Wightman functions (cf. Theorem 3.3 below), thus 
excluding non-integer anomalous field dimensions. In the case of 2D CFT the GCI 
incorporates the notion of chiral algebra which has served as a starting point for de- 
veloping the important mathematical concept of a vertex algebra - see [2,3], [19], [11] 
and further references in the latter two books. Moreover, it also includes non-chiral 

2D fields with rational correlation functions. (The simplest example is given by the 

11. 

energy density of conformal weight (^'2^ * n ^ e vacuum sector of the critical Ising 
model.) The primary fields, which may well have anomalous dimensions and non- 
trivial braiding properties (as the magnetization field in the Ising model), appear 
in this framework as intertwiners between the vacuum and other positive energy 
representations of the GCI algebra. It is then expected that only the 4-dimensional 
counterpart of such intertwining primary fields may display anomalous time-like 
braiding relations of the type discussed in [31]. 

1.2. Why thermal correlation functions should be elliptic in the 
conformal time differences? 

The main idea is simple to explain. A GCI QFT lives on compactified Minkowski 
space M of dimension D which has a natural complex vector parametrization: 

M^S 1 x S D_1 / z = {z a = e 27TiC u a : ( E R, u 2 := u 2 + u 2 D = 1, u E R D }, (1.3) 

C being the conformal time variable. The coordinates z in Eq. (1.3) are obtained 
by a complex conformal transformation introduced in Sect. 2.1 (Eq. (2.3)) of the 
Cartesian coordinates of Minkowski space generalizing the Cayley transform (in- 
verse stereographic projection) of the chiral (i. e. 1-dimensional) case. They have 
been first introduced for D = 4 in [35] using the Cayley (u(2) — > U(2j) compact- 
ification map, and were generalized to arbitrary D in [30]; the reader will find a 
geometric introduction to this and more general systems of charts in [26] . The use 

1 A special case of such a condition - in the context of (generalized) free fields — has been displayed 
earlier in [17]; see also [13] where a condition of this type is discussed in the framework of 2D CFT 
and [16] for a retrospective view on the subject. 
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of Euclidean metric in (1.3) does not mean, of course, that we are working within 
the Euclidean picture of QFT at this point. We recall that the Euclidean rotation 
group SO(D) is a subgroup of the Minkowski space conformal group SO(D 1 2) and 
that (1.3) (involving the Euclidean unit sphere S ^ 1 ) does indeed represent com- 
pactifed Minkowski space. (This is made clear in Sect. 2.1 by exhibiting its relation 
to the Dirac projective quadric.) 

Transforming the fields in these coordinates we obtain an equivalent representa- 
tion of the GCI local fields on M called (analytic or) z-picture. Since the transfor- 
mation is conformal the vacuum correlation (Wightman) functions do not change 
their form. For example, the ^-picture scalar field <j> (z) of (integer) dimension d 
has rational correlation functions like 

(O|0(zi)0(* 2 )|O> - 04)~ d , z 12 = Zl -Z2, (1.4) 
invariant under D-dimcnsional inhomogeneous complex rotation group. Let us note 

that we will treat the fields as formal power series in z and — which is shown in [26] 

z 2 

to be completely equivalent to the Wightman approach (with GCI) which treats 
local fields as operator valued distributions. 

The conformal Hamiltonian H, with respect to which we will consider the ther- 
mal correlation functions, gives rise to a multiplication of z by a phase factor (and 
hence, to a translation of £ in Eq. (1.3)). This suggests introducing a real compact 
picture field <j> (£, u) related to <f) [z) by 

0(C, u) = e 2nidC <p(e 2niC u) . (1.5) 

Then H acts on it by (infinitesimal) translation in £ : 

e 2mtH (j) (C, u) e - 2mtH = (j) (£ + t, u) . (1.6) 

Since H has an integer or half-integer spectrum in the vacuum sector state space 
it follows that: 

0(C + l,u) = (-l) 2< ^(C, u) , (1.7) 

i. e., the conformal time evolution is periodic or anti-periodic with period 1 in the 
compact picture, so that the vacuum and the thermal correlation functions will be 
also (anti-) periodic. 

The second period r comes from the statistical quantum physics: there it is pure 
imaginary and proportional to the inverse absolute temperature. More precisely, for 
any (real) Bose field <j> with an invariant dense domain V (common for all fields' and 
actually coinciding with the finite energy space spanned by eigenvectors of H - see 
Proposition 3.2), we are going to construct the partition function 

Z (t) = trv (q H ) , q = e 2mT , Imr > (\q\ < 1) (1.8) 

and the Gibbs correlation functions 

(0(Cl, Ul)...0(C„, U n )) q := YnT tr v{<t>((l, «l)--XCn, u n) q"} (1-9) 
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as meromorphic functions in r, (k and Uk (k = l,...,n) in a suitable domain 
of C nD+1 . Sure, the existence of Gibbs equilibrium states with the above proper- 
ties requires additional assumptions extending the notion of classical phase space 
volume. Such extra assumptions are needed in any axiomatic treatment of ther- 
modynamic properties of local QFT 2 . Our study of GCI QFT is facilitated by the 
fact that the conformal Hamiltonian H has a (bounded below) discrete spectrum 



| — : n = 0, 1, . . . j. The partition function (1.8) exists for any inverse tempera- 
ture [3 — 2tt Imr{> 0) iff the growth of dimension ^(t^) °f the n th cigenspace 
of H is slower than any exponential e en (e > 0). Moreover, in the GCI QFT it 
is sufficient to assume that H has just finitely degenerate spectrum to ensure the 
existence of thermal correlation functions (1.9) (and the partition function (1.8)) 
as formal power series in — e l7rr with coefficients which are symmetric rational 
functions in (e 7 ™'* 1 , ui) , . . ., (e 7r4l >",u n ), as it is shown in Sect. 2. This allows then 
to extend the heuristic argument, given in [38], which makes it plausible that the 
Kubo-Martin-Schwinger (KMS) property [15f 



(0(Cl, Ul)..-0(Cn, u n)) q = (</>{&, U 2 ) .. ■(/){(„, U n )<t>{Cl+T, U 1 )) q (1.10) 



implies that the functions (1.9) are doubly periodic meromorphic functions with 
periods 1 and r in Cjfe = Cj — Cfci in other words, they are elliptic functions. In 
Sect. 3 we give a rigorous interpretation of this argument thus proving that the finite 
temperature correlation functions (1.9) has the form of finite linear combinations of 
basic (series of) elliptic functions in the conformal time variables whose coefficients 
are, in general, formal power series in q 2 = e mT involving spherical functions of the 
angular fields' arguments Uk (Theorem 3. 5). 4 Let us stress that our main result, 
Theorem 3.5, takes into account the most general purely algebraic properties of 
the theory only. As noted above additional hypotheses of topological character are 
necessary in order to guarantee the existence of the thermal expectation values as 
meromorphic functions. In this case our analysis tells us that these meromorphic 
functions are automatically elliptic (Corollary 3.6). We shall demonstrate that this 
is indeed the case for conformally invariant free fields by computing explicitly their 
Gibbs 2-point functions. 



2 For a general discussion of this point within Haag's operator algebra approach - see Sect. V.5 of 

[14], where Buchholz nuclcarity condition [6] [7] is advocated and reviewed. 

3 For a later discussion combining nuclearity, KMS and Lorentz invariance - see [5]. 

4 We note that our results are valid in any space— time dimension D which, in particular, for 

the D = 1 case, corresponding to the chiral projection of the 2-dimcnsional CFT, implies that 

under the assumptions of convergence of all the traces of products of fields' modes (including the 

partition function (1.8)), the finite temperature correlation functions are convergent to elliptic 

functions (since then there are no additional angular variables). 
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1.3. Basic (anti) periodic functions. Content of the paper 

An elliptic function is characterized by its poles and their residues (in the fun- 
damental domain). The poles of the thermal correlation functions should be the 
same as the poles of the operator product expansions (OPE): they only appear at 
mutually isotropic field arguments. In the compact picture the light cone equation 
factorizes: 

= z 2 2 = (e 2m ^ Ul - e 2 " C2 w 2 ) 2 = -4e 2m ^ 1+ ^ sin n(+ sin (1.11) 

here we have introduced the variables 

(± = £12 ± a, for ui ■ u 2 = cos27ra. (1-12) 

Therefore, the basic elliptic functions occurring in the theory depend on the vari- 
ables of type (1.12) and have poles on the lattice spanned by the periods 1 and r . 

Taking into account the fermionic case the above statements are modified, the 
periodicity in both periods 1 and r being replaced by antiperiodicity. We are thus 
led to the set {p k ' X (C, T ) ■ k — 1, 2, ...,«, A = 0, l} of basic (elliptic) functions, 
uniquely characterized by the conditions: 

(*) Pk ' (Ci r ) are meromorphic functions in (£, r) G C x 9) with exactly one pole 
at C = of order k and residue 1 in the domain {ar + (i : a, (3 <E [0, 1)} C C 
for all t e jo and k = 1, 2, . . .; 

( H ) Pk+i (O) = -7 4^ p k X (C» T ) for fc = l,2,...; 
k oQ 

(tit)p K k ' X (( + l,T) = (-i) X p K k X (C,T) for fc = l,2,...; 

^ A (C + r,r) = (-l) K ^ A (C,r) for fc + « + A>l; 
(«) p K k X (-C,r) = (-if p K k X (C,r) for fc = l,2,.... 

Note that for k = 1 and k = A = at most one of conditions (in) and (iu) can 
be satisfied and we have chosen the first one. This is a natural choice since the 
periodicity with period 1 in the conformal time is coupled to the periodicity in the 
angle a. It leads to a difference between our p® —: p\ and p!] — : P2~functions, 
and the Weierstrass 3~ and p-functions (Eqs. (A. 6) and (A. 5)), respectively, by 
linear functions in ( (see Eqs. (A. 11) and (A. 12); the Weierstrass functions have 
the advantage that they have simple modular transformation laws). In Appendix A 
(see Proposition A. 2) we allow for a more general U(l) character replacing (— 1) K in 
condition (iv): p k ' (C + r, r, p) = (— 1) K e~ 2T ™ M pJ!' ((, r, p), where the parameter pt 
can be interpreted as chemical potential in physical applications (and p k ' X ((, r, 0) = 
Pk X (Cr)). 

The n-point correlation functions (1.9) are elliptic in (j k = Cj ~~ (k with poles at 
±ajk+m + riT (n, raeZ), where cos 2irajk — Uj ■ u k ■ One cannot expect, however, 
that they are homogeneous under modular transformations 
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since ajk, playing the role of spherical distances for D > 2, are not invariant under 

rescaling ajk i— » — - — ■ One can hope to recover modular covariance for their 
ct + d 

(always well defined, in Wightman theories - see [4]) 1-dimensional restrictions 
corresponding to 

Ul = u 2 = ... = u n , a jk = 0. (1-14) 

It turns out that the restricted 2-point function of a d = 1 free massless scalar 
field for D = 4 indeed transforms homogeneously (of degree 2) under the modular 
transformations (1.13). The corresponding energy mean value in an equilibrium 
state, 

(H) q = zJrjtrviHq") (1.15) 

is a modular form of weight 4 (and level T (1) (= SL(2, Z))) - after shifting the 
vacuum energy (Sect. 4.2.1). 

The paper is organized as follows. 

In Sect. 2.1 we give a concise review of the basic properties of the conformal 
group and its Lie algebra, and introduce the basic complex parametrization of 
Minkowski space which we use throughout this paper. It allows us to formulate 
in Sect. 2.2 an algebraic counterpart of the Wightman axioms in what we call 
the analytic (z) picture. We sum up the implications of these axioms in Sect. 3.1 
where we also give an introduction to the purely algebraic approach to GCI QFT in 
terms of formal power series. In Sect. 3.2 we obtain the general form of the thermal 
correlation functions. In Sect. 4 we calculate the finite temperature correlation 
functions in the (generalized) free field GCI models starting with their relation to 
the Wightman functions found in Sect. 4.1. The cases of physical free fields in D = 4 
dimensions: the massless scalar, Weyl and electromagnetic fields are considered in 
Sects. 4.2, 4.3 and 4.4, respectively. We have also studied examples of subcanonical 
free fields (for D — 4 and D = 6). The "thermodynamic limit" in which the 
compactification radius R goes to infinity (so that M is restricted to M and time 
is no longer cyclic) is considered in Sect. 5 where it is shown that the thermal 
correlation functions have Minkowski space limits. The results are summed up and 
discussed in Sect. 6. The reader will find our conventions about elliptic functions 
and modular forms, used in the text, in Appendix A. 

2. Globally Conformal Invariant QFT on Compactified Minkowski 
Space 

In the GCI QFT the natural choice of the conformal group C is the connected spinor 
group Spin (D, 2) ( = C). Then the complexified conformal group will be Cc = 
Spin c (D + 2). The conformal Lie algebra will be denoted by c(= spin(D,2) = 
so(D, 2)) and its complcxification, by cc- We begin this section with recalling some 
basic facts about the conformal group and its action on compactified Minkowski 
space. 
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2.1. Affine coordinate systems on compactified Minkowski space 

Let M be the D-dimensional Minkowski space, with coordinates x = (x° , x = 
(x 1 , . . . , x ^ 1 )) e W D and Poincare invariant interval x 2 2 = x 2 2 — (^12) > x i2 = 

D-l , . ^2 

xi — x 2 , a: 12 = X) ( x i2 ) • The group of conformal transformations of M is defined 

j = 1 v / 

as the group of (local) diffeomorphisms of M (3 3; ^ j/) preserving the conformal 
class of the infinitesimal metric dx 2 ( = dx^dx^), i.e., mapping c?x 2 on dy 2 = w~ 2 (x) 

dx 2 (w (x) ^ 0). It is finite (iR±2UR±ll) dimensional for D > 3, due to the 
Liouville theorem, and is generated by: 

• the Poincare translations e la ' p (x) (= e la>lp >' (x) ) = x + a (for x, a G M), 

• the Lorentz transformations e tSlfiv , 0^n<v^D — 1 (il^ M = — 

• the dilations x 1— » px, p > 

• and the special conformal transformations e ta ' K (x) = 

l + 2a-x + a 2 x 2 

(which has obvious singularities). 

The corresponding Lie algebra is isomorphic to the Lie algebra of the pseudo- 
orthogonal group SO(D,2) . Recalling this isomorphism we introduce the basis 
of infinitesimal (pscudo) rotations Q ab ( = —Q ba ), where the indices a and b take 
values —1,0, ... ,D, the underlying orthonormal basis e a E K. D ' 2 (a = —1,0, 1, . . . , 
D) satisfying e 2 = 1 = -e\ = -e 2 , a = 1,...,D (cf. [29] Appendix A). The 
generators Q ab are characterized by the following nontrivial commutation relations 

[Q aa , fl ba } = Q ab ( = [Q aa , fl a b\) for a = 1, . . . ,D, 

[n Ka , fl Kb ] = -fl ab for k = -1,0; (2.1) 

iPft, iK^ and the dilations are expressed in terms of them as: 

iP„ = -n_!„ - % D , iK fl = -n_ lfl + n flD , P - n -^(x) = P x (p>o) ; (2.2) 

the Lorentz generators fi M1/ correspond to ^ fi, v ^ D — 1. In fact, the group 
SO(D,2) itself has an action on M by (rational) conformal transformations. It is 
straightforward to derive this action using the Klein-Dirac construction of com- 
pactified Minkowski space M (1.3), realized as the projective quadric of R D ' 2 ([9], 
see also [29] Appendix A for a survey adapted to our present purposes and nota- 
tion). The Minkowski space M is mapped into a dense subset (identified with M) 
of M thus providing an affine chart in M. 

Other affine charts in M can be obtained by applying conformal transformations. 
In particular, the following chart in the complex compactified Minkowski space Mc 
plays a crucial role in the GCI QFT. 

Let Mc := M + iM be the complexified Minkowski space, with coordinates 
z = (z°, z) = x + iy e C D , z 2 2 = (zi — z 2 ) = zf 2 — (z\ 2 ) being the Poincare 
invariant interval and let Ec be the complex Euclidean D-dimensional space with 
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coordinates z — (z, zr>) € C D and Euclidean invariant interval z 2 2 — z i2 + 

Z12 = z\ — z 2 . The rational complex coordinate transformation (see [35], [30], [26]): 

z 1-z 2 1 + z 2 
g c :M c (3z)^E c (3z) 1 z = ^> z d = , u>(z) = — iz° (2.3) 

is a complex conformal map (with singularities) such that 

z 2 2 = . Z J\ - , dz 2 (=dz 2 + d?B)=-^5. (2-4) 

The transformation (2.3) is regular on the real Minkowski space M and on the 
forward tube domain T + = {z = x + iy : y° > \y\}, and maps them on precompact 
subsets of Ec- The closure g c (M) of the image of the real Minkowski space M has 
the form (1.3) (thus being identified with M) and the image T + of 1+ under g c is 

T + :={zeC D : |z 2 |<l, z ■ z = \ z x \\ . . . + \ z D \ 2 < \ (l + | z 2 f) } . (2.5) 

The conjugation * : Mc — > Mc which leaves invariant the real space M is repre- 
sented in the z-coordinates as: 

~z 

z i-> z* := — = j w (R D (z)) , (2.6) 

z 

where 

R a (z) := (z\...,-z a ,...,z D ) , Jw (z):=^± (2.7) 

and jw is a z-picture analogue of the Weyl reflection. 

Let us introduce the complex Lie algebra generators T a and C a for a = 1, . . . , D 
of the z-translations e w ' T (z) = z + w and the z-special conformal transformations 

e w-c ^ _ z + z w z g (C 13 ) which are conjugated by g c to the 

l + 2wz + w 2 z 2 

analogous generators iP^ and iK^. This new basis of generators is expressed in 
terms of fl a b as: 

T a = iO 0ct — fl-ia, C a = —ifioa — Q-ia for a = 1, . . . , D. (2.8) 

The set of infinitesimal ^-rotations is again a subset {0. a p\ of {O a fc} corresponding 
to l^a<f3^D and the conformal generator which gives rise to the dilation (or, 
in fact, phase) transformation of the z-coordinates (to be interpreted as a conformal 
time translation) is the conformal Hamiltonian 

H = ifl_ w , e ltH {z) = e lt z (2.9) 

{[T a ,Cp] = 2(5 afj H -Q af} ), [H,C a ] = -C a , [H,T a ] = T^. The relations (2.8)- 
(2.9) can be easily obtained in the projective realization of M where the transforma- 
tion g c is represented by a rotation of an angle ^ in the plane (ieceo) (e C D+2 , 
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see for more detail [26] Appendix A). Note that there is an involutive antilinear 
automorphism * : cc — > cc leaving invariant the real algebra c, i.e., 

n** = n, {xq + x'q')* = \n* + xn'\ [0,0']* = [n*,n'*] , 
Kb = n ab => p* = -p^ k; = -k„ h* = -h, r* = c a (2.10) 

for A, A' e C, 0,0' e cc, \i = 0, . . . , D — 1 and a = 1, . . . , D. In fact, the real 
generators T a , C a , flap, H (a,f3 = 1, ...,£)) span an Euclidean real form (= 
spm (D + 1, 1)) of the complex conformal algebra. 

From a group theoretic point of view the compactified Minkowski space M is a 
homogeneous space of the conformal group C characterized by the stabilizers of the 
points. For the tip p^ of the light cone at infinity Koo :— M\M (recall that the 
isotropy relation extends to a conformally invariant relation on M) the stabilizer 
is exactly the Weyl group: the Poinare group with dilations. In more detail, the 
Lie algebra of the stabilizer of Poo is spanned by the generators {iP^, ^i^, CI-id}, 
while the Lie algebra of the stabilizer of the origin p (corresponding to x — e M) 
is spanned by {iK^, Q^, Q_i£>}. Thus every chart in M as well as in Mc can be 
uniquely characterized, as a vector space, by a pair (p, q) of mutually nonisotropic 
points: the origin p of the chart and the tip q of the its light cone complement. For 
the Minkowski space chart the stabilizer of the pair (p, q) = (po,Pco) is the Cartesian 
product of the (one-parameter) dilation and the Lorentz subgroups with Lie algebra 
spanned by {f2_i£>, ^i/}- The z-chart introduced above is characterized by the 
pair of mutually conjugate points (p, q) = (ieo,— iea) (eo := (1,0) G M, so that 
p G T + C Mc) and the stabilizer K-c of this pair is a ★-invariant subgroup of Cc- The 
real part of ICc coincides with the maximal compact subgroup fC which is generated 
by two mutually commuting subgroups: the Z7(l)-group {e 2xttff } and the Spin (D) 
group acting on z via real (Euclidean) rotations (JC = U (1) x Spin (D)/^). Since 
the points p and q are mutually conjugate, JC is also the real part of the stabilizer of 
the origin in the z-chart. In fact, T + (2.5) is isomorphic to the homogeneous space 
C/)£ of C (cf. [36]). Note that the complex Lie algebra of the stabilizer of z = is 
spanned by the generators {C a ,H, VL a p}- 

Remark 2.1. In the familiar realization of M as the Dirac projective quadric [9], 
M = Q/R*, Q = j|e R D > 2 \{0} : I 58 := € 2 + & " £o " £i (= ^Vat?) = o} . 

the Minkowski space coordinates x and the complex coordinates z of (1.3) are 
expressed by 



jb — , & — . 

Remark 2.2. Only Lorentz types of signatures (D — 1, 1) or (1, Z) — 1) possess 
the remarkable property that there exist affme charts covering the corresponding 
conformally compactified real space ([26] Proposition A.l). Moreover, every such 
chart is characterized by the condition that the tip q of the light cone complement 
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belongs to the union T + UT_ (T_ := (T + )* is the image in the z-coordinates of the 
backward tube T_). If q G T± then T T is also covered by the chart. 

2.2. Wightman axioms for conformal field theory in the analytic 
picture 

We proceed with a brief survey of the axiomatic QFT with GCI. First, one assumes 
the existence of a vector bundle over the complex compactified Minkowski space 
Mc called the field bundle. It is endowed with an action of the conformal group Cc 
via (bundle) automorphisms. Thus for every point p G Mc its stabilizer C p will act 
by a representation ir p on the (finite dimensional) fibre F p over p. Then if p is the 
origin of some affine chart in Mc, e.g., the z-chart, we can trivialize the bundle 
over the chart using the coordinate translations t w (z) ( = e w ' T (z)) = z + w so that 
the action of Cc in this trivialization will take the form 

(z = {z«}, = {<M) ^ (.9 (*) , *z{9) = 0B» G C D x F (2.11) 

where {4>a\ are some (spin-tensor) coordinates in the fibre F := F over the origin 
z = and the matrix valued function ir z (g) — {^(ff)^} (g G Cc), regular in the 
domain of g and called cocyle, is characterized by the properties 

^z(9l92) = ^g 2 (z)(gi)^z(92), n z (t w )=I F (•» =7To(*~^) *z))- (2-12) 

The fibre F is the space of (classical) field values and the coordinates 4>a correspond 
to the collection of local fields in the theory. An example of a field bundle is the 
electro-magnetic field defined as the bundle of 2-forms F a p dz a Adz^ = F^f v dx^hdx" 
over M. 

The axiomatic assumptions of the GCI QFT are the Wightman axioms [34] 
and the condition of GCI for the correlation functions [29]. As proven in [29], 
Theorem 3.1, GCI is equivalent to the rationality of the (analytically continued) 
Wightman functions. Thus the vacuum n-point correlation functions in the theory 
can be considered as meromorphic sections of the nth tensor power (over M c ) 
of the field bundle and hence, for every affine chart in Mc we obtain a system of 
rational correlation functions over the chart. This provides the general scheme for 
the passage from the GCI QFT over Minkowski space to the theory over a complex 
affine chart which contains the forward "tube" T + (2.5) - see [26] Sect. 9. 

The (analytic) z-picture of a GCI QFT is equivalent to the theory of vertex 
algebras ([2] [19] [3] [11]) in higher dimensions (see [26]). We proceed to formulate 
the analogue of Wightman axioms [34] in this picture. 

The quantum fields (f>A (z) (A = 1, . . . , I for I = dimF) will be treated as formal 

power series in z and — . This is possible because of the analytic properties of the 

z 2 

fields in a GCI Wightman QFT ([26] Theorem 9.1). Using harmonic polynomials 
one can uniquely separate the integer powers of the interval z 2 due to the following 
(known) fact: for every polynomial p (z) there exist unique polynomials h(z) and 



Elliptic Thermal Functions and Modular Forms in a GCI QFT 13 



q (z) such that h(z) is harmonic and p{z) = h(z) + z 2 q(z). Thus, if we fix a 
basis { h^ (z) } of homogeneous harmonic polynomials of degree m, for every m = 
0, 1, . . ., we can write our fields 4>a (z) in a unique way as formal series in the 
monomials (z 2 )™ (z) for n £ Z, m = 0, 1, . . . and the index a takes values in 
a finite set I m . In such a way we end up with the following axiom: 

Fields (F). The fields are represented by (nonzero) formal series 

oo 

<I>A (*) = E EE ^ {n ,m,„) (*T /£ m) (*) , (2-13) 
n £ Z m = er 

with coefficients 4> A{n.m.a] which are operators acting on a common invari- 
ant dense domain V of the Hilbert space H of physical states. We require 
that for every vector state f £ P there exists a constant e N such that 
4> A{n.m.a} ^ = for all n ^ —N-q,, m = 0, 1, ... and all possible values of <r, or 
equivalcntly, (z 2 )^ ^ (z) ^ is a formal power series with no negative powers. 
(This requirement is related to the energy positivity, stated below in the axiom 
(SC).) 

As the properties of the field 4>a (z) do not dependent of the choice on { h^ (z) } 
we may also write it in a basis independent form: 

oo 

M*) -EE ^ { », m }(*) (*T (2.14) 

nGZ m = 

where </>A{n.m} (z) (= X) ^Ajn.m.cr} ^cT^ (z)) arc operator valued homogeneous har- 

monic polynomials. We shall use this more concise presentation in studding exam- 
ples of free fields (Sect. 4). Using an (arbitrary) basis { h„ n ^ (z) }, on the other hand, 
makes more transparent the algebraic manipulations of formal power series in this 
and next sections. 

The next axiom introduces the conformal symmetry of the theory. 

Covariance (C). There exists a unitary representation, U(g) of the real conformal 
group C on the Hilbert space Ti such that the hermitian generators of the 
conformal Lie algebra c leave invariant the fields' domain T>. We also require the 
existence of a rational matrix-valued function {ir z (g) A } A B=1 T depending 
on z G C D and g E C, regular for z in the domain of g on C D , and such that 
it satisfies the properties (2.12). Then the fields <j>A (z) are assumed to satisfy 
infinitesimal conformal covariance, formally written as: 



t = 



= l([^(^)" 1 ]f Me« n (z)))| t = (2-15) 



for e spin (D, 2). 
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It is simpler to write down the field covariance law if we further assume that our 
fields are transforming under an elementary induced representation of the conformal 
group C. This means that the cocycle tt z (g) is trivial at z — for g — e a ' c and it 
is thus determined by a representation of the maximal compact subgroup /C of C: 

Tr z (e* tH ) B = e ttdA 5 B , K z {e m *e) B A = [e^"-")]* , (2.16) 

where dA are positive numbers called dimensions of the corresponding fields tp A . 
Under this additional assumption we can present Eq. (2.15) in a more concrete 
form: 

[T a ,<t> A {z)]=d x ~<f> A {z) , (2.17) 
[H , cj> A (z) ] = z ■ d z 4> A (z) + d A <p A (z) , (2.18) 
[n ap AA{z)\ = (z a d z ,-z fj d za )^ A (z)+7r Q (n a ( 3 ) B ( p B (z), (2.19) 
[C a ,<t> A (z)] = (z 2 z « -2z a z-d z )4> A {z) - 2z a d A <t> A (z) + 

+ 2z^oW^bW, (2.20) 

d 

where d z <* stands for the partial (formal) derivative . 

dz a 

We further assume that the hermitian conjugate <j> A (z)* of each (j) A (z) belongs 
to the linear span of the set {4> A }. 

Field conjugation law (*). For every <fi, \t 2 £ ^ and for any field 4> A there exists 
a conjugate field (f) A such that: 

*2) = {^ RD{z) {j^) B J B {z*)^^ 2 ) , (2.21) 

where j w is defined by (2.6) and (2.7). The exact meaning of Eq. (2.21) is 
provided by the fact that both sides are finite series, i. e. polynomials in z 
and 1 / z 2 (see [26] Remark 8.1). The correspondence <f> A 4> a gives rise to an 
antilinear involution in the standard fibre F of the field bundle, invariant under 
the action of C. 

The next axiom states energy positivity and determines the physical vacuum. 

Spectral condition (SC). The conformal time generator H is represented on Tl by a 
positive operator. There is only one norm 1 conformally invariant vector |0) € Ti 
(up to phase factor) and it is contained in the fields' domain V. 

We shall now formulate a strong form of the locality axiom also called Huygens ' 
principle stating that the fields are independent for nonisotropic separations. 

Strong Locality or Huygens' principle (SL). Every field <j) A {z) is assumed to have a 
fixed statistical parity p A = 0,1 and there exist positive integers M A b such 
that: 

{zh) MAB (4>A (zi) <\>b (z 2 ) - (-1) PAPB <p B (z 2 ) <p A ( Zl )) = (2.22) 
where z±2 := Z\ — Zi- 
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Remark 2.3. When we deal with formal power series it is more convenient to use 
weaker (infinitesimal) conformal invariance but a stronger locality axiom. Indeed, 
for rational functions, GCI follows from infinitesimal conformal invariance. Thus 
within the Wightman framework, the two pairs of axioms: (1) ordinary locality 
and GCI, (2) strong locality and infinitesimal conformal invariance, are completely 
equivalent. 

Completeness. The set of vectors |0), (j> Al {nii mu ai y . . . <j> Ak { nkt mk . CTJ ,} |0), for all 
k e TV and all possible values of the indices of the <fi's, spans the fields' domain T>. 

This completes our analogue of Wightman axioms in the z-picture. Theorems 9.2 
and 9.3 of [26] allow one to state the following general result: 

Theorem 2.1. There is a one-to-one correspondence between the finite systems 
of Wightman fields with GCI correlation functions [29] and the systems of formal 
series satisfying the above axioms. 

Using the fact that the cocycle n z (g) is meromorphic (even rational) in g and 
z we can continue it to Cc and write down the explicit connection between the 
Wightman fields 4> A {x) on the Minkowski space and the analytic picture fields 

4> A {z): 

^ (x) = n z (g- 1 ) B A B (g c (x) ) (z = g c (x)) (2.23) 

where g c is the transformation (2.3) viewed as an element of Cc- Eq. (2.23) is 
the precise expression of the fact that the fields <j>A (x) and 4>a{z) are different 
coordinate expressions of the same (generalized, operator-valued) section of the field 
bundle over M . For example, for the electromagnetic field Eq. (2.23) is equivalent to: 

F™(x) dx^A dx u = F a(j {z) dz a A dz !i . (2.24) 

The rigorous meaning of Eqs. (2.23) and (2.24) includes, on one hand, the extension 
of the operator valued functions 4>a ( x ) to a larger class of test functions which 
correspond to coordinate expressions of arbitrary smooth sections over M. This 
can be done using the GCI condition (see [29] Proposition 2.1). On the other hand, 
using the positivity of the scalar product of the Hilbert state space one can easily 
extend our formal field series (2.15) to generalized operator valued functions over 
M (in the parametrization (1.3)). 

We now proceed to introduce the real compact picture representation which is 
more convenient in studying finite temperature correlation functions. 

For a local field <fi (z) of dimension d we set <j) (C u ) t° be a formal Fourier series 
in e 27 ™? e S 1 and u G S 1 ^ 1 defined as: 

OO 

4> (C, u) = e^ d < 4, (e 2 ™ <«) = E t-™ (") e ^ V C ' 

i/eJ + Z m = 

0-™(u) = ]T <t>- v , m , a (u) . (2.25) 
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(The space of harmonic polynomials, Span c {h^ {u)} m a , is identified with the 
algebra of complex polynomials restricted to the sphere S 15-1 .) Then the connection 
with the previous analytic picture modes is: 

V -\- Tfl -\- d 

4>{n, m, <t} = 4>v, m ,a for v = -d - 2n - m (n = ). (2.26) 

Note that the index n in the analytic picture modes 0{„. mjCT } is always integer 
while in the compact picture modes, 4> v ,m,a, it is integer or half-integer depending 
on d (which is reflected in the first sum in (2.25)). In accord with the commutation 
relation (2.18) we obtain 

[H, 4> v , m {u)\ = -vcf>„, m (u) , e 2 " itH 4> v , m {u) e- 2mtH = e~ 2mt v <$> v , m (u) 

[H, <P{n,m}{z)] = (d + 2n + m)4> {n ^ m} (z) (2.27) 

It follows that I'KiH acts as a translation generator in £ in accord with Eq. (1.6). 

As a realization of the above axioms we will consider the case of a neutral scalar 
field <f> (z) = 4>^ (z) of dimension d. Its 2-point function is proportional to the 
unique scalar conformal invariant function of dimension d, 

(0| (zt) (t> (z 2 ) |0) - -J-, (z 12 = Zl - z 2 ) (2.28) 

viewed as a Taylor series in the second argument, z 2 , with coefficients - rational 
functions in z\ (see Theorem 3.3 below). The field cocycle is tt z (g) = ui (g, z) d , 

where u> (g, z) is a quadratic polynomial in z {uj{g, z)=(det( dg{ - Z f )) V sce [29] Eq. 
(A. 5)). (Note that the Minkowski space transform of the correlation function (2.28) 

is proportional to — - — — - cf. with Eq. (5.17).) The hcrmiticity of the field is 

x 12 + i0x 12 

expressed by 

4>{zT = 4>(z*) (z* = 4j , Hz) = Hz)) (2.29) 

A \ z 



[z 



since ui (jw, z ) = z 2 . This conjugation law simplifies in the compact picture, since 
we are using real coordinates ((, u); the hermiticity condition for the field modes 
reads: 



-u.m.a • 



(2.30) 



3. GCI Correlation Functions as Meromorphic Functions 
3.1. Rationality of the vacuum correlation functions 

Theorem 2.1 implies the rationality of the Wightman functions as well as the ana- 
lyticity properties of the fields. Since these facts are of major importance we shall 
prove them independently. We begin with stating some basic properties of the for- 
mal series which arise in the analytic picture of GCI QFT. 
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We introduce, following [26], the space V\z, / z z} of formal series 

oo 

<*) = E E E V {n,m,a} (*T (*) (3.1) 

n £ Z m = cr 

with coefficients V{„. m> a } belonging to a complex vector space V. The space of finite 
series of V\z, V Z 2 1 wm be denoted by V[z, V z 2 ]- Obviously, C[z, V^ 2 ] ^ s a com pl ex 
algebra and V\z^l z i\ is a module over this algebra. Nevertheless, the product 
between a series f(z) <G C\z, V Z 2 1 an d a series v(z) G V[2, V* 2 J m n °t defined in 
general but it is not difficult to define the product f(z) v(z) if f(z) g C[z, V* 2 ] (thus 
turning V\z, V Z 2 1 mto a V x 2 ] _m °dule). We emphasize that all the products 
between formal series throughout this paper will be treated in purely algebraic sense, 
i.e., every coefficient of the product series should be obtained by a finite number 
operations of summation and multiplication on the coefficients of the initial series. 

On the other hand, the space of Taylor series V\z\ in z, with coefficients in V, is 
naturally identified with the subspace of V\z, V Z 2 1 °f formal scries (3.1) whose sum 
in n runs from to oo. Evidently, V\z\ is a module over the algebra C[zJ (i.e., the 
product f(z) v(z) is well defined for f(z) e CfzJ and v(z) € V[2]). Similarly, V[z] 
(the space of polynomials in z with coefficients in V) is a subspace of V [z, V z 2 ] an d 
it is a module over the polynomial algebra C[z]. There is a larger space of formal 
series of Cfz, Vz 2 l than C[zJ which still possesses a complex algebra structure: 
this is the space C[z] 2 2 of those series f(z) G C\z, V Z 2 1 whose sum in n in (3.1) is 
bounded below. The more general spaces V[z] 2 are defined in a similar way and 
we have in fact a shorter equivalent definition 

v(z)eVlzj z 2 & (z 2 ) N v(z) e V[zj for iV > . (3.2) 

Remark 3.1. The notation C[z]] z 2 comes from commutative algebra: for a com- 
mutative ring R and / e R the localized ring Rf is defined as the ring of "ratios" 
for a g R and n = 0, 1, . . . (more precisely, this is the quotient ring R[t]/^^ _ 

of the ring R[t] of polynomials in the one-dimensional variable t over ideal gener- 
ated by ft — 1 - see [1]). In a similar way, if V is a module over the ring R then 
the localized space Vj is defined as a module over the localized ring Rf. Note that 
C[z,V z 2 ]^C[z] z 2. 

Proposition 3.1. Let V be a complex vector space. 

(a) The space C[zJ^2 is a complex algebra containing C[zJ as a subalgebra and 
V\z\ z 2 is a module over this algebra that extends the module structure ofV\z\ 
over the algebra C\z\. 

(b) There are no zero divisors in the C[z]^2 -module V\z\ z 2, i.e., if f(z) G CJz] z 2 
and v(z) € ^H^ 2 are such that f{z) v(z) = then either / = or v = 0. 

(c) If w is another D -dimensional formal variable and 

Vlz] z ,[w] w , := {V\z\ z *)\w\ w * 
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then the polynomial (z — w) 2 is invertible in V\z\ z 2\w\ w 2 and its inverse, de- 
noted by b z , w — * s the Taylor series of — ^ in w with coefficients 

(z — w) (z — w) 

1 1 00 (-1)" { l\ 

belonging toC[z//j] (i.e., l z . w - := £ ^ — . . . d z a„ — w ai 

(z-w) « = o n! Vzv 

... w Q "J. 

The proof of Proposition 3.1 is quite simple. We just remark that the product 
of f(z) e Clzj z 2 and v(z) E V{z} z 2 can be defined as (z 2 )^ 1 ^ 2 ((z 2 ) Nl /(*)) 

^(z 2 )^ 2 for Ni,N 2 S> 0, according to Eq. (3.2), and does not depend on 

Ni and N2. Then condition (b) follows from the absence of zero divisors in the 
C[zJ module V\z\. 

Having several _D-dimensional variables z\ , . . . , z n one can inductively define 
V\zx, x l z i;...;z n , x l z *\ := (v\z u V^; . • • ; ^-1, ]) [z„, V^l- (3.3) 

1 n \ 1 n— 1 / n 

A different order of z\, . . . z n in the right hand side of (3.3) will correspond to an- 
other way of summations in the formal series. Nevertheless, the order of Zk in the 

successive localizations VfzA^2 . . . |z ra 1^2 is important. For example, i z w ^ 

Zl Zn ' (z-w) 

and l w<z j are different formal series of Cfz, 1 / 2 ', w, 1 / 2 \- From Proposi- 

' (z — w) " 
tion 3.1 (c) it follows that 

(z-w) 2 L z . w l ——- bwtt L_J =0 , (3.4) 

\ (z-w) 2 (z-w) 2 ) 

so we see that in the C[z, 1 / z 2] w, 1 /^-module C[z, 1 / 2 2; w, 1 / u) 2]] there are zero 
divisors (the same is true in any C[z, V 2 2]-module V\z, V^J). 

The spaces of successive localizations play important role in the analytic picture 
GCI QFT since, according to Axiom (F), we have 

<f>A 1 (mi)---<l>A n (z n )^ € T>lzxl z 2 . . . \z n l z 2 (3.5) 

for any state vector ^ belonging to the fields' domain T>. They are convenient, on 
one hand, since these spaces have no zero divisors and, on the other, since products 
of the type j [ z 2 t are invertible in the algebra C[ziJ^2 . . . [^] 2. 

We will further assume in this section the validity of the postulates of Sect. 2.2. 

Proposition 3.2. 

(a) The formal series <f>A (z)|0) is nonzero and does not contain negative powers of 
z 2 , i.e. cj> A (z)\Q) eVfz], for A= 1, I. 

(b ) The field dimensions d A are positive integers or half integers. They are related 
to the statistical parities Pa ( = 0, 1) by the equality (— \) 2dA = (— \) PA . 
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(c) The operator H has a pure discrete spectrum containing only integer or half 
integer nonnegative numbers. The fields' domain V coincides with the linear 
span of all eigenvectors of H , i. e. this is the finite energy space. Moreover, the 
domain T> is invariant under the maximal compact subgroup K of the conformal 
group and decomposes under its action into a direct sum of finite dimensional 
irreducible representations. 

Proof, (a) Take the formal series F(z,w) = e w ' T (f>A (z) |0). The commutation 
relation (2.17) implies that d z cF (z,w) = d w cF(z,w). Suppose, on the other 
hand, in accord with the existence of harmonic decomposition and Axiom (F) 
that F(z, w) = (z 2 ) N h (z,w) + (z 2 ) N+1 g (z, w), where h (z, w) and g (z, w) are 
formal series with no negative powers of z and w and h is in addition nonzero and 
harmonic with respect to z. If we now assume that N > it will turn out that 
d z c* F (z,w) — (z 2 ) hi (z,w) + [z 2 ) <?i (z, w) where hi (z, w) and g\ (z, w) 
are series with similar properties. Then the equation d z cF (z, w) — d w cF (z, w) will 
imply an equality of type h 2 (z, w) — z 2 g 2 (z, w) for the series hi (z, w) and gi (z, w) 
with no negative powers, hi being nonzero and harmonic with respect to z. But 
this would contradict the uniqueness of the harmonic decomposition. 

The series <^t(z)|0) is nonzero: otherwise Axioms (F) and (SL) imply that 

(Ilfc<z z ki) N (zi) 0A 2 {zi) ■ ■ ■ <\>A n (z n ) |0) = 0, for large N eN, and we can cancel 
the polynomial prefactor due to the fact that in the C[^i] 2 ... \z n J z 2 -module 
2?[zi] z 2 . . . [z„J z 2 there are no zero divisors; then the completeness axiom would 
imply that the field 4>a (z) is zero. 

(b) The positivity of dA is a consequence, on the one hand, of Eq. (2.27) implying 
H(f>A{a,o}\0) = oIa4>a {0,0} |0) (</>a{o,o} = <f>A {0,0} ( z ) is thc modc multiplying the 
unique, up to proportionality, harmonic polynomial hf^ (z) = 1 of degree 0) and 
on the other, of the positivity of H (axiom (SC)). Note also that, according to 
condition (a), thc vector </>a {0.0} |0) = 4>a (z) |0) is nonzero and noncollinear 
with |0) since otherwise, it will follow that <j>A{n,m,a} |0) = for n > (and hence, 
<t>A {z)\Q) = 0), or 4> A (z) ~ I, respectively (because 4> A (z)|0) = e z ' T 4> A {o,o} |0». 
The second statement follows from Proposition 7.1 of [26] and the assumed ratio- 
nality of the field cocycle (see the covariance axiom). 

(c) The set of vectors in the axiom of completeness is actually a set of eigenvectors 
of H with integer or half-integer eigenvalues. From the commutation relation (2.19) 
it also follows that every vector of this system is contained in a finite dimensional 
subrepresentation of the Lie algebra of the maximal compact subgroup. □ 

Remark 3.2. The vector $,4 = (f>A (z)\0) \ uniquely characterizes the field 
4>A {z) and we have 4>a (z)\0) — e z ' T <&a- Moreover, for every v € V there exists a 
unique translation covariant local field Y(v, z) such that Y(v,z)\0) = e z ' T v (see 
[N03], Sect. 3). This is a compact formulation of the state-field correspondence in 
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the vertex algebra approach. 

Theorem 3.3. Every scalar product ( | §A\ ( z i) ■ ■ ■ 4>A n ( z n) ^2 ) (for arbi- 
trary * 2 € V), regarded as a power series, is absolutely convergent in the 
domain 

U< := { (z 1 ,...,z n ) e C Dn : z k = e 2 ^ u k , ( k e C and u k e S^ 1 CR D 

(u k 2 = l) for k = l,...,n; Im( kl <Q for 1 < k < I < n} (3.6) 

/ n —N / \ —N 

and its limit is a rational function of the form ( FJ z k J ( { ] z kl 

P (21, . . . , Zn), where P (z\, ... , z„) is a polynomial with coefficients depending on 
a finite number of modes ' scalar products ( ^1 | <t'A 1 {k 1 .m 1 .a- 1 } ■ ■ ■ 4 > A n {k n ,m 1 ,<j 1 } i ^2 )• 
The Wightman functions (0| (f> Al [z\) ■ ■ ■ 4>A n {z n ) |0) (viewed as rational functions) 
are in addition globally conformal invariant: 

(0| <f> Al («l)...0A B (*n)|0) = 

= (OlK(ff)" 1 ]^ ... [kM~ 1 } B aI <I ) b 1 (9 (zi)) ...&,„ (5 CO) |0) , (3.7) 
and Z 2 -symmetric in the sense 

(0| (^(1)) • • • <^ (n) 10) - (-1) £(CT) (0| ^ (*l) • • • <t>A n (.Z n ) |0) , (3.8) 

for every permutation a; (— l) 6 ^ is the corresponding statistical factor: e (a) = 
Pa n Pa ( ) (mod2) the sum being over all pairs of indices i < j such that a (i) > 

Proof. Set 

n 

ft.==(n** a )( n *«)■ ( 3j ) 

fe = 1 Ki<Kn 

From Axioms (F) and (SL) it follows that for sufficiently large N <G N the formal 
series (21) • ■ • <j>A n (z n ) ^ is Z 2 -symmetric Taylor series in the z's with co- 

efficients in V. Hence, P(z\, . . . , z n ) := p„ ( *i | <j>Ai [zi) ■ ■ ■ <j>A n (z n ) *2 ) is a 
complex Taylor series, and if H^fi = ei^i and H^>2 = £2*2 it satisfies, in addition, 
the Euler equation 

n n 

]T z k ■ 8 Zk P ( Zl , ...,z n )= (2n 2N (n-lf+ ej - e 2 - ]T d fc ) P ...,«„) (3.10) 
fc=i fc=i 

as a consequence of the commutation relations (2.18). Therefore, P (zi, . . . , z„) is 
a polynomial and it is clear that its coefficients are linear combinations of scalar 
products of the type ( *i | 4>A l {k l , mi .a l } ■ ■ ■ <t>A n {k n , mi .a l }^2 )■ Because of Proposi- 
tion 3.2 (b) we find that the series p 1 ^ ( *i | 4>A t {zi) ■ ■ ■ 4>a„ [z n ) *2 ) is a polyno- 
mial for all * 2 € V for N e N sufficiently large. 

We now divide by p^ in the space C[zi] z 2 . . . [z„J z 2 which contains ( ^1 | 
cj)A 1 {zi) ... 4>A n (z n ) ^2 ), because of the property (3.5). (The inverse series 
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of is obtained in C[^i] _2 . . . \z n \ 2 by expanding every factor (z^) — 

y(zk — z{) ) , for 1 ^ fc < I ^ n, in Taylor series in z\ around zi = - see 
Proposition 3.1 (c)). 

Thus the domain of absolute convergence of the formal series {^\ | ^Ax ( z i) 
. . . <j>A n (z n ) ^2 ) coincides with the domain of absolute convergence of the above 
expanded "propagators" (z 2 ,) N , which contains U<. 

The covariance law (3.7) and the Z 2 -symmetry (3.8) follow from the uniqueness 
of the analytic continuation. □ 

Remark 3.3. The domain T + can be characterized as the connected component 

of z = of the subset (zeC: ^ - Z ) =l-2z-z + \z 2 \ 2 + o). Note that due 

to the axiom (*) the product of §a {z) with its conjugate <pA (z)* will be singular 
for (z-z*) 2 = 0. 



3.2. Ellipticity of the finite temperature correlation functions 

To study the thermal correlation functions it is convenient to use the compact 
picture representation of the GCI fields. Therefore, we begin with stating the basic 
properties of the compact picture formal series which are analogous to those of the 
formal power series of the previous subsection. 

Denote by F |e ±7 ™'' , it] the space of infinite formal Fourier series 

00 

«(£«)= E EEw^^'w (3-n) 

with coefficients in V. It is a module over the algebra C[e ±7 ™^, u] of Fourier polyno- 
mials (the space of finite complex series of type (3.11)). When v in Eq. (3.11) runs 
over Z the resulting space of series will be denoted by V\e ±2lTl ^ 1 u\. In the prod- 
uct f(C,u)v(C,u) of f{(,u) e C[e ±7ri ^,u] and v((,u) e F[e ±7r ^,u] the harmonic 
polynomials (u) are treated as spanning the algebra C[uJ of polynomial func- 
tions over the unit sphere § D_1 ( 3 u). The space of n-point formal series, denoted 
by V[e ±,r<Cl ,Ui; e ±7riC ",«„], is a module over the algebra C[e ±7riCl , m; 
e ±iri c n ; Wn j _ Following the line of arguments of the previous subsection we need a 
compact picture analogue of the localized space V[^r] 2. Observing that the basic 
terms in (3.11) can be represented as: 

e~ 2nivC h<^\u) = (z 2 ) n h^(z) for z = e 2m ^u and v = _H±^ (3.12) 

we are led to introduce the space y[e ±7 ™^, u] + defined as containing those se- 
ries (3.11) for which there exists N € N such that v v , m ^ a = if v + m > N (thus 
excluding arbitrary large powers of z 2 in the z-picturc). It then follows from (3.12) 
that v((,u) e V\e ±mC -,ul + iff v{(,u) = e ~ niN < w'(e 2mC u) for some N e N and 
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v'(z) G VfzJ. We conclude, using Proposition 3.1, that C[e ±7 ™ *», u} + is a complex 
algebra and V A [[e ±7 ™'', u]+ is a module over this algebra with no zero divisors. 

Recall that 4sin7r£+ sin7r£_, defined by Eqs. (1.11) and (1.12), the compact pic- 
ture analogue of the interval z 2 2 , is a Fourier polynomial belonging to C [e ±27Tt " , u\ ; 
e ±27 ™f 2 ,u 2 ] (i.e., the space of series containing just integer powers of e ±2T ™ & ). We 
shall now introduce an elliptic version of the compact picture interval: 

e(Ci,«i;C2,«2;r) := e-^tMC+.TjtfntC-.r) = 

= 4sin7rC+sin7rC- - 4(sin37rC+ sin7rC-+sin7rC+sin37rC-) e 2,riT + . . . , (3.13) 

where z?n (£, r) are the Jacobi ^-function (A. 24). Having n compact picture points 
(Ci, Ml) . . . (Cn, Un) (G M x g- 0-1 ) we introduce the shorthand notation: 

0jfc := Q(Cj,Uj\ Ck,u k ; t) , 0(Ci,«i; . . . ; ( n ,u n ) ■= j [ 6j*. (3.14) 

1 < j < k < n 

Each term of the series (3.13) and (3.14) is a function of the coordinate differences 
Cjk = Cj —Ck\ hence, we can write (C12; ui,u 2 ) and fl(Ci2, • ■ • , Cn-in! "i, • • • , u n) 
treating them, however, as series in different spaces. 

Proposition 3.4. 

(a)Qi2 is a formal series belonging to C[e ±27 ™ < > 1 ,ui; e ±2irt ^ 2 , U2] [<?] (q — e 2mT ), 
i.e., 0i2 is a Taylor series in q with coefficients which are Fourier polynomials 
belonging to C[e ±27r *^ , m; e ±27r4 '= 2 , 112]. Moreover, ©i 2 is symmetric, ©12 = 
©2i, and it is divisible by sin n( + sin 7r£_ : 

©12 = 4 sin tt( + sin 7r(_ (1 + g 0' 12 ) = 

= 4sin7rC+ sin7r<_ |l — 2 (1 + 2cos2ttCi2 cos27ra) q + . . .} , (3.15) 

where @' 12 is again a series belonging to C[e ±27 ™^ , m; e ±2T ™ ^ , u 2 ] [g] . 
f&) TTie formal series ©i 2 /ias inverse: 

e^Cle^^^J+le^^ml+M (©^©r^l). (3.16) 

T/ie series ©j^ 1 is absolutely convergent in the domain < —Im(i2 < Imr. 
(c) 0(Ci, ui; . . . ; + r,Uk; ■ ■ ■ ; Cm M «) «s a symmetric formal series belonging to 
C[e ±MCl ,«i; e ±2 "^,u„]M (i.e., fi(Ci,ui; ...; Cn,^n) - n^.u^; 
Cct„ , u an )). As a series in the conformal time differences Cjj+i> ^(Ci2, 
Cn-in', . . . , u n ) satisfies the property 

^(Cl2 + Air, . . . , C, n -ln + A„_it; Mi, ... , u n ) = 

{/ m— 1 \ m— 1 n 

- 27Ti ( J] h A fk A* ) r - 4tt* J] A, A$> ( kk+1 x 

X n(Cl2, • • • ,Cn-ln, Ul, . . . , U n ) (3.17) 
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for all (Ai, . . . , A n _i) G Z" where A^} = A^) are fixed integer constants (de- 
pending just on their indices) and the symmetric matrix {^jfc /"fcii is positive 
definite. 

(d) Let R be a commutative complex algebra. The space of Taylor series -F((i2, ■ ■ • , 
Qn-in'i T ) in <P which have polynomial coefficients belonging to i?[e ±7r4 '' 12 7 . . ., 
e ±7nC„-i„j anc i ij e y j or a n ^ A„_i G Z the properties 

F(Ci2 + Ai,...,Cn-in + A n _i;r) = (-l)* = i F(Ci 2 ,...,Cn-in;r), (3.18) 

i ? '(Cl2 + AiT,...,Cn-ln + A„_lT;T) = (-l) fc = 1 " * X 

{✓ m— 1 \ m— 1 n 

- 2itin ( x o A< $ Xk ) r - 4miV S A ^ A 5 } c " +i \ x 
^j, fe=i ' j,k=i ' 

xF(Ci2,...,Cn-in;r) ) (3.19) 

w/iere ej^, 4^ = °' 1 ^ = 1, • • • , n - 1^, iV e N and {A^}^^ is Integra/ 
positive matrix, is a finitely generated module over R\q^\. In other words, there 
exists a finite number of fixed (complex) series Fc (Ci2 5 ■ • • , Cn-in', T ), c = 
1, . . . , Cn, obeying the properties (3.18) and (3.19) and such that -F(Ci2, • • • , 

Cn-m; t) = £ G c (t) F c (JV) (Ci2, • • • , Cn-m; r) /or G c (r) e Moreover, 

c = l 

i/ie &asic series Fc N \c,n, • ■ • , Cn-in! r ) ccm ^ e chosen absolutely convergent to 
analytic functions for Imr > and Ckk+i <= C (fe = 1, . . . , n — 1). If we have a 
multicomponent series Fa 1 ...a„ (C12, Cn-in', T ) of the above type which, in 
addition, is ^-symmetric (in the sense of Eq. (3.8)) then we can expand it in 
a finite R\q^\-linear combination of ^symmetric basic series ^i^.A n ;c(Ci2j 

• ■ • ) Cn— 1 Til 

The proof of Proposition 3.4 is straightforward. We present it in Appendix B. 
Let us note that taking the ratios 

t?(N) //■ /■ \ -^c ^(Cl2> • • • j Cn-ln! t) „„> 

^ ; (Ci2,...,C«-in; ui,...,u n ; t) := — (3.20) 

"(Cl2, ■ • • , Cn-ln! Ui,...,U n ) 

for c = 1, . . . , Cat, using the basic systems in Proposition 3.4 (d), we obtain systems 
of formal series (for JV € N) belonging to C[e ±27riCl ,tii]+ ... {e ±2m ^, u n \ + \q\ 
which are absolutely convergent in the domain < —ImQk < Imr for 1 ^ j < k $J 
n to elliptic functions in every Cfc (Proposition 3.4 (b) and (c)): 

^ (C12 + Ax , . . . , Cn-in + K-i ; r) = (- 1)* = i Afc4 ' (Cl2 , • • • , Cn-i „; r) , 

(C12 + Air, . . . , Cn-i n + A„_ir; r) = (-1)* = i ' (C12 , • • • , Cn-i n\ r) . 

(3.21) 
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The finite temperature correlation functions can be written as linear combinations 
of such ratios with coefficients that are r-dependent spherical functions (or, at 
least, formal Fourier series) in uu- 

We are now ready to find out the general structure of the Gibbs (thermal) cor- 
relation functions. When one considers the thermodynamic properties of quantum 
fields additional assumptions are always needed (see footnote 1). In our framework 
we impose the minimal assumption that the conformal Hamiltonian H has finite 
dimensional eigenspaces. This makes it possible to introduce the partition function 
Z(t), and the thermal mean values ( <f> Al . „ 1)mi)(7l ... (j>A k ; v k ,m k ,a k ) (q = e 2mT ) 

of products of compact picture modes <f>A;v,m,o of fields 4>a((,u) as formal power 
i 

series m^, 

oo 

Z (r) = trv (q H ) = E E (3-22) 
3=0 a 

( 4>Ai; i/i,mi,<Ti • ■ • 0A fc : v k ,m k ,a k ) := . " ^ r X> {</^4i; fi,mi,<7i • ■ • 0A fc ; v k ,m k ,a k q } = 

9 Z(r) 

J oo 

= — E E | ^i^.m!,,;, • ■■4>A k ; Vk ,m k ,a k *j<7 ) (3-23) 

Z(T)j = a 

where {^jo-}^ is an orthonormal basis in the Hilbcrt state space consisting of 
eigenvectors of iJ, iJ<J J(T = ^^ja- (Note that I? = Span c ■„ because of 

Proposition 3.2 (c); note also that the series of Z (r) has a leading term 1 so that 
it is invertible in C[<p]]-see Fact B.l.) The cyclic property of the traces over each 
(finite dimensional) eigenspace of H will imply the KMS property: 

( 4>Ai; i/i,mi,<7i • • ■ 4>A n ; v k ,m k ,o k ) = 
= ( 4 > A 2 ; U2,m 2 ,CT2 ■ ■ ■ §A n \ u k ,m k ,iy k 9 4 > A 1 -,is 1 ,m 1 ,a i q ) = 

= q Ul ^ <f>A 2 ; V2,m2,<J2 ■ ■ ■ ^A^; i> k ,m k ,<r k 4 > A 1 ; vi,m\,a\ ) (3.24) 

(according to Eq. (2.27)) as an equality in C[g']. Summing then over all triples 
vi,mi,ai in the corresponding expansions of cf)A l (Ch u l) °y (2.25) we obtain the 
KMS equation 

( <PaACi, V>l) ■ ■ ■ <i>A n {C,n, Un) ) q = 
= ((t>A 2 (t2,U 2 )...<l>A n (Cn,Un)(l>A 1 (Cl+T,U 1 )) q (3.25) 

as an equality of formal series belonging to C[g 5 J [e ±27 ™'» 1 , u i! e ±2m ^ n ,u n }. 

On the other hand, one can perform the sum in the trace tr?, (0Ai(Ci; u i) ■ ■ ■ 
<Pa„ {(n, u n ) q H } nrs t over the fields' modes and then over the energy levels (taking 
the sum in the powers of qi), 

trv{(t>A 1 ((l,U 1 )... 4> An (Cn , Un) q H } = 

oo _ 

= E E (^(^(Cl, Ui)...0A B (Cn, u n ) (3.26) 

j = (T 
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this gives a meaning to Eq. (3.25) as an equality in the space C[e ±27rl '» 1 , . . . 
| e ±27riC» ) ti n ] + [gr3] (according to Eq. (3.2)). Now, if we multiply both sides of (3.25) 
by fi(Ci2, • • • , Cn-in! «i, ■ • - ,u n ) N for some TV > 0, setting 

•FAi...A„(Cl2, • ■ - jCn-lnSWl, ■ • ■ ,W„;r) := n JV (^ 1 (Cl,Ui) . • .0A„(Cn, u «) ) 9 , (3.27) 

we find that Fa 1 ...a„ are symmetric formal Fourier series belonging to C[e ±7 ™'» 1 , U\; 
. . .; e ±7 ™^", u n ]J(p ] (i.e., with symmetric polynomial coefficients multiplying each 
power of qi ) and they also obey the properties (3.18) and (3.19) with = e[ 2 ^ = 

n 

pe for k = 1, . . . ,n — 1 (p^ being the fermion parities). The first statement 

e = k+i 

is verified by using the rationality (Theorem 3.3) and Eq. (3.15), while the second 
uses Proposition 3.4 (c) and the KMS equation (3.25) combined with the Z 2 - 
symmetry (3.8). Thus, we can apply Proposition 3.4 (d) (with R, the algebra C[tii, 
. . . , u n ] of harmonic polynomials in m, . . . , u n restricted to S-° _1 ) obtaining the 
expansion 

(0Ai(Cl)«l)---0A n (Cn,«n))g = 

= E G c: a 1 ...a„(wi,...,u„;t)^ ; (Ci2, ■ • ■ ,C«-i™; mi, • ■ • t) (3.28) 

c= 1 

in the basic elliptic functions of the system (3.20). The coefficients G c -a 1 ...a„{ui, 
. . . , u„; t) are Taylor series in <p with symmetric polynomial coefficients in 
mi, . . . ,u„ G S 15-1 (i.e., G c - Al ...A n G C[m, . . . , u„][g5]). 
We thus end up with the following result. 

Theorem 3.5. Under the assumptions of Sect. 2 and the additional condition 
that the conformal Hamiltonian H has finite dimensional eigenspaces every n-point 
thermal correlation function ^ (pA 1 (Cij u i) ■ ■ ■ 4>A n (Cn, u n ) ^ admits a formal series 
representation of type (3.28) where G c; A 1 ...A n (ui, u n ;r) are Taylor series in 
q? with symmetric (harmonic) polynomial coefficients in u\, u n G S 15-1 and 
Ec N \(i2, • • • , Cn-in! Mi, . . . , u n ; t) (c = 1, . . . , Cn) are some fixed series which 
belong to C[e ±2 '™ ^ , Mi]+ ... [e ±27 ™'»™,it n ]] + [[ l Pj and are absolutely convergent in 
the domain 

{{( ll u 1 ;...;( n ,u n ;T)e(Cx§ D - 1 ) n xf): <-ImC, jk < Mr (l<j<A<n)} (3.29) 

to ^-symmetric (in the sense of Eq. (3.8)) meromorphic functions over 
(C x §- D_1 )™x f). Moreover, the resulting functions are doubly periodic (resp., an- 
tiperiodic) in ( m with periods 1 and r if 4>A m is a bosonic (resp., fermionic) field, 
for m = 1, . . . , n. 

The problem of summability of the angular coefficients G C ;A 1 ...A„(U'i, ■ ■ ■ , u n ; r) 
is still open. Let us note first that if we exchange the order of summation in 
G c -a 1 ...a„ first summing in the powers of <p and then over the harmonic poly- 
nomials in Uh we will obtain G c -A 1 ...A n as elements of the space C[(p]] . . . ,it„], 
i.e., the space of infinite harmonic power series in ui, . . . , u n with coefficients in 
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C [<?']■ These coefficients can be expressed by a finite set of series in of type 
(3.22) and (3.23), using the operations of summation and multiplication, since all 
above considerations have been made in a purely algebraic setting. Thus, if we as- 
sume that the partition function and all thermal mean values of products of fields' 
modes are absolutely convergent series for \q?\ < 1 we obtain G c -A 1 ...A n as infinite 
formal Fourier scries in (mi, ...,Un) e S^ 1 )™ whose convergence should be further 
assumed in order to end up with elliptic finite temperature correlation functions. 
Let us conclude this discussion with the remark that in a chiral conformal QFT 
(which is, essentially, an 1 -dimensional theory) there are no angular variables u so 
that Theorem 3.5 actually states the existence of the finite temperature correlation 
functions as elliptic functions under the assumptions of convergence of the partition 
function and the thermal mean values of the product of the fields' modes. 

Corollary 3.6. In the assumptions of Theorem 3.5 let the finite temperature cor- 
relation functions absolutely converge in the domain (3.29) to meromorphic func- 
tions. Then these function are elliptic of the type of appearing in the repre- 
sentation (3.27). 

In the following section we shall calculate the finite temperature correlation 
functions in free fields' models and will see that they satisfy the above assumptions 
and are indeed elliptic functions. 



4. Free Field Models 

4.1. General properties of thermal correlation functions of free 
fields 

A generalized free field is defined as a Fock space representation of the Heisenbcrg 
Dirac algebra with generators 4>A{n, m, u} as in Eq. (2.13) (A = 1, I). It is 
completely determined by its 2-point function 

(0| <j> A (z) <f> B (U>) |0) = l z , w WAB (Z, W) , W AB {Z,W) = T^JTab > 

[(z-w) \ 

where Qab (z) are polynomials and we recall that l z . w stands for the Taylor ex- 
pansion of •W ab {z, w) in w whose coefficients are rational functions in z. Note that 
the l z , w operation is the z-picture counterpart of the "iO(x° — y )" prescription 

in Minkowski space which turns, for example, the rational function — ^, into 

(x-y) 

the distribution = -. Then the generating function of the modes' 

(x-y) 2 +i0(x°-y ) 

(anti)commutation relations is 

(f>A (z) 4> B (w) - (-l) PAPB (f) B ( w ) (f) A ( Z ) = L z . w <W A B (z, W) - L w , z W A B {z, w) = 

= i z ,w W A b (z, w) - {-lf APB Vz w BA (w, z) . (4.2) 
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The annihilation operators are the modes <f>A{n,m,a} with n < 0. The Fock space 
is generated by the one particle state space T>i spanned by the vectors 4>A{n,m.<j} |0) 
for n ^ and its hermitian scalar product is determined by the contributions of 
the Laurent modes (0| (f>A{n,m,<?} ftj„ m „)|0) to the 2-point function (4.1). We 
will not assume, in general, that the inner product in T>\ is positive definite. The 
rational two-point function ii>ab {z, w) is, by assumption, conformally invariant 
with respect to a cocycle tt z (g)^- 

The partition function trjj (q H ) and the other traces below are understood as 
traces taken over some (pseudo)orthonormal basis of V consisting of eigenvectors of 
H (as in Sect. 3). It is a Taylor series in tp which is always convergent for <p = e t7TT 
with ImT >0(|<p|<l) since the degree of degeneracy of the conformal energy level 

^ in the 1-particle state space has an upper bound of the form C\ i^jj ^j^j wn ^ n 

some positive constants C\^. More specifically, due to the spin-statistics theorem 
(which follows from the rationality of (4.1)), the integer conformal energy levels n 
in T>\ should belong to the bosonic 1-particle subspace while the half-integer ones, 
n — i, belong to the fcrmionic subspace. Then, the partition function is determined 
by the dimensions of these energy spaces. Let us denote these dimensions by ds {n) 
and df (n) (for the bosonic and fermionic 1-particle spaces of energies n and n — —, 
respectively); then we will have 

Z(r) := tr v (q») = J] ^ A^T ■ (4-3) 

n = 1 h-qnj 

It is also easy to see that the temperature mean value (3.23) of the products 
of (compact picture) modes <pA;v,m{u) (see Eq. (2.25)), is absolutely convergent. 
Moreover, it is expressed by Wick theorem in terms of "1-" and "2-point" Gibbs ex- 
pectation values (<t>A;u,m{u)) q and (<t>A; Vl , mi (ui) 4>B; V2 ,m 2 { u l)) q , where 4> B ;u,mi. u ) (= 

^ * (m) * 

vm a h)j (u)) are the modes of the conjugate field (fr B ((, u) (see Eq. (2.27)). 

a 

Combining the KMS property (3.24) 

((t>A; Vl , mi (ui) 4>B;^.m 2 ( u 2)) q = q'" 1 (4>B; V2 ,m 2 (ui) <f>A; Vl , mi (u 2 ) ) q , (4.4) 

with the canonical (anti)commutation relations (4.2) of the modes we obtain 

1 * 

= - _ ^papb — (°l [<t>A; »„m, («l) , 4*B\ V2 ,m 2 M ] _ { _ 1)PA v B |0) . (4.5) 

Theorem 4.1. The series ( (\>a (Cij u i) 4>b (C2, «2) ) is absolutely convergent for 
< —Im (12 < Imr to an elliptic function in (i 2 . It can be written as a series 

00 

(<MCi,"i)<MC2,«2)> g = (-l) fepAPB W A B(Ci2+kT;u u u 2 ) , (4.6) 

k — — oo 
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absolutely convergent in the same domain; here Wab (C12; U\, u 2 ) is the meromor- 
phic vacuum correlation function 

W AB ((12; «i, u 2 ) ■= (0| <j> A (Ci, «i) <L (C2, "2) |0) . (4.7) 
The functions (4-6) are manifestly doubly periodic elliptic functions in (i 2 . 

* 

Proof. First observe that <j> B . v m (u) |0) = if v ^ (in accord with Proposi- 
tion 3.2) and therefore, (0| <j>B;v,m{u) — if v ^ 0. Thus, at most one term con- 
tributes to the (anti) commutator in the right hand side of (4.5) and in fact: 

(0| [4>A: Vl , mi {ui) , $B:y 2 , m2 { u 2) ] _ ( _ 1)Pa p b |0) = 
= Vl (0\<t>A-,v 1 , mi { U l)4>B-, V2 , m2 ( U 2)\ ) - 

- {-\f APB e. vl (o| 4> B;U2 , m2 (u 2 ) <f> A .„ umi ( Ul )|o) 

where # s is the characteristic function of the positive numbers (8 S := 1 for s > 
and # s = otherwise). Expanding for \q^\ < 1 (52 — e CTT ) the prefactor in the 
right hand side of (4.5), we find: 



b A (Ci,ui)4> B (C 2 ,u 2 )) q = 

= ]T (<f> A ; Vumi («l) , 2 , m2 («2)), e- 2 " = 



i/i ,mi 

1^2 ,™2 



= E E(^(-l) fepAPB ^<0|^;,, mi (n 1 )^ ; _ ! , >ro2 (n 2 )|0) + 

[Ami ,TO2 fe = 

+ 0_„ (-1)*™* g-(*+D" (O|^ B ._„ irna M0A;,, mi («l)|O)) X 

x e ^ 27r ^ Cl2 . (4.8) 

If we first perform the sum over the indices v, mi, to 2 in the right hand side of (4.8) 

we obtain (due to Theorem 3.3) the series expansion in Eq. (4.6): indeed, the first 

00 

term in the sum gives ( — 1) VAVB Wab (C12+&T; ui, u 2 ) while the second gives 

fe=0 

g ( _ 1} (-*+iW B M^ A (_C 12 -fcr; U2)Ul ), where 
fe=i 

W^ A (Ci 2 ;«i,«2) := (O|0 b (Ci,«i)^a(C2, «2)|0), 
so we should further apply the symmetry property 

W AB (( 12]Ul ,u 2 ) = (-1)^ PB W BA (-( 12] u 2 , Ul ) . (4.9) 
The series (4.6) is absolutely convergent since its terms behave as 

W A B{Ci2 + kT;ui,u 2 ) ~ q kdB e 27Ti{ - dA ^+ dB ^'WAB{e 2 ^ 1 ui,0) for k -> 00, 
Wab(Ci2+/ct;«i,u 2 ) - g -MA e 2«(dACi+«i B C2) #AB (o,e 27r < 2 !i2) for fc -» -00. 
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The series of the finite temperature correlation function {(f>A{Qi,u{) 4>b{C2,U2)) q 
given by the first equality in (4.8) is also absolutely convergent for < — Im £12 
< Irnr since the series of Wab absolutely converges in this domain. □ 

Remark 4.1. Let N be a hermitian operator, commuting with the conformal 
Hamiltonian H and such that 

N, 4> A (z) = n A 4> A (z) , [N, <p A (z)} = -n A <p A (z) . (4.10) 

Then we can derive in the same way as above the following expression for the grand 
canonical correlation functions 

«Td(0a(Ci,«i)^b(C2,«2) q H e 2 ™» N ) 
(4>a (Ci,Ui)<p B (Ci,ui)) qai := — (gHe2 „ AtjV) = 

OO 

= e " fe(2AI+PAPB) ^ B (Ci2 + fcr; Ul , U2 ), (4.11) 

k — — 00 

for real [i. (In the physical literature the grand canonical partition function is writ- 
ten as ir(e _/3 (- H_ ' tiv )) where (3 is the inverse temperature and /x is the chemical 
potential.) 

Remark 4.2. In the assumptions of Corollary 3.6 one can state that for the 
thermal 2-point function ( <fi A (£1, u\) <p B (£2, 112) ) , of an arbitrary field (f> = 
{4>a}, the right hand side of Eq. (4.6) describes the most singular part in £12 
since it comes from the most singular part of the operator product expansion of 
tpA (Ci) u i) 4>b (C2,m 2 ) (see Proposition 4.3 of [29]). 



4.2. Free scalar fields 

The generalized free neutral scalar field <p (z) = <p^ (z) of dimension d is determined 
by the unique conformally invariant scalar 2-point function (2.28). 

Many of the modes in the field expansion (2.13) are zero so that it is convenient 
to reduce the system of basic functions and actually, organize the field modes in a 
slightly different way. 

Let us denote by <j)-d-n i z ) the homogeneous operator-valued polynomial of 
degree n ^ contributing to the Taylor part of the expansion (2.13) of <j>(z). 
The polynomial 4>-d- n {%)* obtained conjugating the coefficients of 4>-d- n (z) is 
denoted by 

<j>n+d(z) = <f>- d -n{z)* (4.12) 

(n ^ 0). Due to Proposition 3.2, the creation modes of the field are exactly {4>- n -d ■ 
n ^ 0} so that the remaining nonzero field modes {(j> n +d ■ n ^ 0} annihilate the 
vacuum |0). Thus the field (f>(z) is expanded in the above modes as follows: 

oc oo 

4>- n -d(z) + £ (z 2 Y n - d J> n+d (z) . (4.13) 
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The commutation relation with the conformal Hamiltonian take the form 

[H, 4> n {z)] = -ncp n (z) (neZ). (4.14) 

The vacuum matrix elements of products of field modes are derived from the 
2-point function 

oo 

(0| <t> {z)*4> (w) |0) = — — — d = Ci (*. «>) . (4-15) 

{l-2z-w + z 2 w 2 ) n = 

where C d (z, w) are polynomials separately homogeneous in z and w of equal degrees 
n with generating function 



-S = J2 C d n {z,w)\ n . (4.16) 



(l-2z-w\ + z 2 w 2 \ 2 ) a , „ 
Then 

(0| (b m +d (z) (f>-n-d M |0) = 6 m , n C d n (z, w) (4.17) 
for m, n 0. Note that the polynomials C„ (-2, are related to the Gegenbauer 

polynomials (t) (with generating function = C d (*) ^™) 

(l-2tA + A 2 ) n = 

by 

^(^)H^Cf(-^). (4.18) 

x (z^w^) 7 

In the real compact picture we set 

0(C,«) = e 2mdc 0(e 2 " c u) = ^ e -2«™ C ^_ n ( u ) (4.19) 

n ez 

|n|>d 

as a formal Fourier series in (. Taking into account the relation 

(0\<t>(e 2 ^ Ul )cP(e 2 ^u 2 )\0) = e 2md ^+^ (0| 0(Ci, «i)0(Ca, «a)|0) 
we find 

(O|0(Ci,tti)^(C2,«2)lO) = . . ■ , (4.20) 

4 d sin" ir(+ sm" 7r(_ 

where £± = C12 ± a, cos 2na = u\ ■ u 2 . Then Eq. (4.5) takes the form 

oo (—l) d 

(0(Cl,«l)^(C2,«2)) = E 1 77 77 , , ^ ( 4 - 21 ) 

k ~^oo 4 Sm ^ (C+ + fc r ) Sm n (C- + fc r ) 

For d=lwe obtain 

<*(Ci,«i)*(6, «»)>, = — ^(pi(C + ,t)-Pi(C-,t)) , (4.22) 
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where pk (C, t) are written down in Appendix A (see (A. 28)). Eq. (4.22) follows 
from the identity 

T^~. t = ^^(cotg7rC+-cotg7rC-) (4.23) 

sm7r( + sm7r(,- sin 2ira 

and (4.21). Note that the differences in (4.23) and (4.22) allows us to apply 
Eq. (A. 28) and ensures the ellipticity (double periodicity) in C12 of the thermal 
correlation function. 

Remark 4.3. The Gibbs 2-point function of the modes <j> n (u) in the latter 
example (d = 1) 

/ j i \ i / \ \ c 9" sin 2ima 

(0_ m (ui) K (u 2 ) ), = S mn ^—^ gin 27ra (4.24) 

(for u\ ■ U2 = cos27ra), which can be derived directly from the canonical commu- 
tation relations and the KMS condition, yields the g-expansion of (4.22) 

(Ci,«i )<P C2,«2 ) =-r-. -—. - + 2V - „ . cos2™C 12 . 4.25 

x '1 4 sin ttC+ sin 7TC- ^-^ 1 — q n sm27ra 

,T n = 1 

Comparing with (4.22) we deduce a similar expansion for p\ 

Pi((,t) = 7r cot ir( + Air ^ sin 2irn( . (4.26) 

n— 1 ^ 

In the more general context of Remark 4.1, for a complex scalar field of dimen- 
sion 1 ((0| (/> (z\) <f> (22) |0) = (^12) ) taking N to be the charge operator (with 
n = 1 in Eq. (4.10)), we find 

<0(Ci, «i) £(C 2 , ^2))^ = 4w ^ n2wa (pi(C+,r,M) -Pi(C-,r,M)) (4-27) 

for the more general functions pi ((, t, ^t) of Appendix A. 

In order to find the mean energy (or the partition function) we have to specify 
the space-time dimension D together with the field dimension d. We will consider 
the following two basic examples. 



4.2.1. Canonical free massless field in even space time dimension D 
The canonical free field is determined by the Laplace equation 

d*4>^{z) = Q dl^— d={) ^ d = dQ := £_A. (4.28) 

(*12) 1 

The existence of the canonical free field as a GCI field requires D to be even and 
greater than 2. Then the polynomials C%> (z, w) are harmonic in both z and w, and 
they determine a positive definite scalar product by Eq. (4.17). Thus, the canonical 
free fields satisfy the Hilbert space Wightman positivity. 
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The operator-valued polynomials <fi- n -d ( z ) are harmonic, i. e. 

0_„_ d (z) - J2 h*,n,„} (z) (4.29) 

(7 

in the notations of Sect. 2.2, so that the only nonzero modes of </> (z) are 4>{o.n.cr} 
and 4>{-n-d ,n,a} f° r n = 0, 1, .... It then follows that the 1-particle eigenspace of 
conformal energy n(^ do) is isomorphic to the space of the harmonic polynomials 
on C D of degree n — do. Its dimension (n) (= d (n) = d B in)) is thus 

r, do — 1 

d(D) (n) = TIJv n for D>A (rf (4) H-« 2 ), (4-30) 

fc = 1 — d 



which is an even polynomial in n, for even D, of degree 2d , say 

do n 2 1 

(„) = £ c£V* ( = I] (- 2 - fc 2 ) for D > 4) . (4.31) 

fc = o (2do)! fc = l 

Note that d^ D ' (n) = for n = 1, . . . , do — 1 so that the thermal energy mean value 



is 



(„\ M g g g ) 1 „ g y , . = y nd(n)q n 

tr v (q H ) Z(T) q dq {) ^ 1 - a n 



n= 1 



d + l j-, d + l 



E^-li+E^AW, (4.32) 

fc=l 4K fc=l 

where G2/C (r) are the Zend 1 modular forms (A. 10) (A. 16) and B 2 k are the Bernoulli 
numbers (see Appendix A). This agrees with Eq. (4.3) since here df (n) = and 
d B (n) = d(n). Note that d^ (n) = c[ 2) = 2, while for D > 4, c D) = 0. In 
particular, for D = 4 wc find 

<^ + ^)^ =G 4 (r) , ^o = ^. (4.33) 

If we interpret E as a vacuum energy, i. e. renormalize the conformal Hamiltonian 
as H = H + Eo then its temperature mean value would be a modular form of 
weight 4. 

Remark 4.4. Extrapolation to the case D = 2 of the above result contains two 
chiral components each of them giving the energy distribution for a U(l) current 

{H + Eo)f = G 2 (r) , Eo = -± (4.34) 
which is not modular invariant. 
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4.2.2. Subcanonical field of dimension d = 1 for D = 6 

The scalar field of dimension d = 1 in D = 6 space-time dimensions is not harmonic 
but satisfies the fourth order equation (d., 2 ) <f> (z) = 0. The harmonic polynomials 
on C 6 are now C 2 (z,w). The identity 

C n (t) = -±^((%(t)-(%_ 2 (t)) (4.35) 

implies the following harmonic decomposition of the homogeneous polynomials 

Ck(z,w): 

Cl{z,w) = ^ ri Cl{z,w)-^- i z^ Cl_ 2 (z,w). (4.36) 
Thus we can decompose 



-n-l 



(z) = 4>-n-i{z) + z 2 <P\-i{z) , (4.37) 



where <fP n (z) are now harmonic homogeneous operator-valued polynomials of de- 
grees n and n — 2, respectively (as 0q := and </>g = 4>\ := 0). Then, 

(0| (Z) tf-n-l H |0) = ^ 5' (*, «0 , 

(0| ^_*„_ 3 (*) 2 -„- 3 H |0) = (*> w) ■ ( 4 -38) 

Therefore, the 1-particle state space of conformal energy n decomposes into a 
pseudo-orthogonal direct sum of two subspaces isomorphic to the spaces of har- 
monic homogeneous polynomials of degrees n — 1 and n — 3, respectively: the first 
will have positive definite while the second one, negative definite metric. In partic- 
ular, the dimension of the full cigenspace of conformal energy n is 

d B (n) = d ( V (n + 1) + (n-l) = ^ ^ + ^ (4.39) 
so that the thermal energy mean value and the vacuum energy are 

(H + Eo) = -G 6 (t) + -G 4 (t) , £*, = -- — --— = —• (4-40) 
x 'i 6 w 6 w 6 12 6 8 6048 v ' 

4.3. The Weyl field 

Let us introduce the (2 x 2)-matrix representation of the quaternionic algebra: 

Qk = -io- k = -Q+ (k = 1, 2, 3), Q 4 = I (4.41) 
1\ /0 -A /l 



!i = 1 io) ' ni \ / i) / ' CT3 = vo-i 

Q+ + = 2«5 Q/3 = Q Q Q+ + Q fj Q+ for a, = 1, . . . , 4 (4.42) 

(<7/c being Pauli matrices). In this section we will denote the hermitian matrix 
conjugation by a superscript "+" . The matrices 



Tap 



\ (Ot Qp-Q + p Qc) > i °«e = \ (Q° Qp - Qt) (4.43) 
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are the selfdual and antiselfdual antihermitian spin (4) Lie algebra generators. We 
will denote also 

4 4 4 4 

*=£> a Qa, * + =£> a Q+ ^ = ^Qa^, # = £<£0*«, (4-44) 
a— 1 a— 1 a— 1 a—1 

etc. Note that in the definition of ^ + we do not conjugate the coordinates z a . Then 
Eqs. (4.42) are equivalent to 



1 3 

The generalized free Weyl fields of dimension d =-,-,.. . arc two mutually 



fth + tth = hfi + htt = 2*1 -a* = = z 2 ). (4.45) 

he generalized free Weyl fields o: 
conjugate complex 2-component fields 

X + (z) = (xi (z) , X2 (z)) and x (z) = ( £ j* j ) , (4.46) 

transforming under the elementary induced representations of spm (4) correspond- 
ing to the selfdual and antiselfdual representations (4.43), respectively. In particular, 
the action of the Weyl reflection jw (2.7) is, 

* 

X{z) ' — ► X(z) {= K z {j w ) x{z)), 

X + (z) — X + (z) —t-j; ( = 7T+ (jw) X + (z) ) ■ (4.47) 
(z 2 ) d+ 5 

The conformal invariant 2-point functions, characterizing the fields, have the fol- 
lowing matrix representation 

(0| X (zi)x + (z 2 )|0> = — (4-48) 

(0| Xq (*i) X<3 (* 2 ) |0) = (0| xi (zi) X% (z 2 ) |0) = . (4.49) 

In particular, the invariance under the complex Weyl reflection jV is ensured by 
the equality 



a+ ±2_ _ ri £2 

S 12 r 2 — r 2 y 1 

1 ^2 *1 2 

The conjugation law (2.21) reads 



rl^7l = ^-4- (4-50) 



x + (^) + = ^rx(^) (4.51) 

in other words, for any $, $eP: 

(x + (z)<f>|*) = <*|x(4)*>- (4-52) 
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Here one can explicitly verify the hermiticity of the 2-point scalar product 

(x + (z)n\ x + (w)n) = (( x + (w)n\x + (z)n)) + , (4.53) 

where = |0) is the vacuum: 

~~T <°l X (4) X + H 10) = ( ~7T (01 X (Z) X + (z) \0)) . (4.54) 

The conjugation law for the compact picture generalized free Weyl field 
X + (C, u) = e 2 ™ d < X + (e 2?Tl C u) , X (C, «) = ^ d c X (e 2 ™ < u) (4.55) 
becomes 

X + (C, «) + = * x(C, «) • (4-56) 
The vacuum correlation function is diagonal in "the moving frame" representa- 
tion defined as follows. For given non-collinear unit real vectors u\, u 2 € § D_1 (c 
R D ) such that u\ ■ u 2 — cos27ra let v and v be the unique complex vectors (in C D ) 
for which 

ui = e via v + e- wia v, u 2 = e~ via v + e ma v. (4.57) 

It then follows that v and v are mutually conjugate isotropic vectors with scalar 
product: 2v ■ v = 1. In this basis we have 

<0|x(Ci, «i) X + (C2, u 2 ) |0) — r- C- 5 ^- + -i^- > ) , (4.58) 

2z(-4sin< + sin7rC-) d -2 Vsm7rC " sln7r C+/ 

where C± = C12 ± a (as in previous sections). In the frame, in which U12 = (0, 0, 
±sin7ra, cos^a) the matrix f and its conjugate assume a simple form: 

^ -(!!!)-»■ ? + = (o?H- < 4 - 59 > 

Thus, in the = i case of a subcanonical Weyl field the contribution of and 

3 

are separated. The dimension d = — corresponds to the canonical free Weyl field 



which will be denoted by ip := \ (ip + := x + )- We find in this case 

/^i 1 />. \ : _i_ 1 l. . ... i / , _i_ / C0S7rC- cot27ra 

V Ci, «i ^ C2, u 2 ) - U+ ( : + 

8 sm Zira \ \ sin tti 



+ — 



t£_ sin ir(- 

1 \ — y / cos 7rC + cot 2na 1 \ \ 

sin 2-rra sin tt( + J V sin 2 ir( + sin 7r£ + sin 2na sin 7rC_ / / ' 

From the vacuum correlation functions (4.58), (4.60) and from Eq. (4.6) we deduce 

<x(Ci,«i)x + (C2,u 2 )>, = ^(pIHC-.t) f + +p\ 1 (C+,r)^ + ) , (4.61) 
(Ci,«i) V + (C2,«2)), = g— ^ (V (C-,r) - cot 2^ p} 1 (C_,r) + 

+^%^) U 1 (C + ,r) + cot 27ra ( C+ ,r) - ^%^Y) . (4.62) 
sm27ra / V sm27ra // 



36 N.M. Nikolov, I.T. Todorov 



Here p£' A (C, T ) — ^2 ( — l) mK+nA -f rnr + n) k (sec Appedix A). Under the 

m n 

assumptions of Remark 4.1, for A identified with the charge operator (so that 
[N, X + {z)\ = X+ (z), [A, x(z)} = -X (z)), we find for d = \ 

(x(Ci, "i)x + (C 2 , « 2 ))^ = ^~ (pl\C-, r, M ) ^++p 1 1 (C+, r, M ) (4.63) 

using the more general functions p1' X ((, t, ^i) of Appendix A (Eq. (4.62) is gener- 
alized in a similar way). 

Note that the 1-particle scalar product is 

(0| X + (z) + X + M |0) = l _Ajt . (4.64) 

{1 - 2 z ■ w + z 2 w 2 ) d+ ? 

This implies similarly to the scalar field case that we can organize the field mode 
expansion (in the compact picture) as 

X(C,«)= E X„-i(«) e " (1 - 2 " K , X + ((,u)= E X„ + 4 W e ' ,(1 - 2 " )C , (4.65) 

n e Z n G Z 

\n-\\^d \n-\\^d 

where xi+d( u ) an d X^i-d( u ) for n = 0, 1, . . . are homogeneous polynomial in u e S 3 
of degree n with 2-component operator coefficients. For n ^ 0, xi+d( M ) correspond 
to annihilation operators while X'-l-d( u )-< to tnc creation modes and we also have 

(xt_ fc M) + = i x fe -iH , (o| xl m ->i) + xt„_>2)|0) - 

= S nrn I C n 12 (Ui • U 2 ) - C„_? (ui • U 2 ) ) ( 4 - 66 ) 

for k € Z, n, m = 0, 1, . . . and «i, 1*2 € § 3 - 

For the thermal energy mean values we will consider the two cases of d = ^ and 

^.separate*. 

The ^-picture canonical spinor field satisfies the Weyl-Dirac equation 

fcil>(z) = 0, ^+(z) J, = 0. (4.67) 

These equations are also valid for the compact picture modes ip_ n _s (u) extended 
to u e M 4 . The positive charge 1-particle state-space of conformal energy (0| H\0) + 
n + 2 = 0, 1, . . .), spanned by ip^ n _ 3 ( u ) |0) carries the irreducible representation 

(j^: n ~2^ ^) °^ Spin (4) and therefore, has dimension (n + 2) (n + 1). The dimension 
of the full 1-particle space, including charge —1 states, is twice as big. It has also 
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a positive definite scalar product in view of [24]. Thus applying the general for- 
mula (4.3) and Eq. (A.10) wc find (cf. [10]): 



1 Q 00 



2(n+|) (n+l)(n + 2)q"+i 
3 



= J(G 4 (I±±)-8G 4 (r)) -\(g 2 (^)-2G 2 (t)) , (4.68) 

E = - ?± (l-2 3 ) + - ^ (1-2) = -— . (4.69) 
4 8 v ; 4 4 1 y 960 v ; 

Here we have used the equalities 
E i+> + g i =M^)-2 2 ^G 2fc (2r) + ^ (1-2^) , (4.70) 

n = 1 

2 + « (n+1) = J ((2n+l) 3 - (2n+l)) . (4.71) 

The subcanonical Weyl field and its conjugate satisfy third order equations 
which assume the following form on the modes 

dl fa X nH («) = , X + n+k («) ? u 0* =0 (u e K 3 ) . (4.72) 

The resulting 5pm (4)-representation in the positive charge 1-particle space of con- 
formal energy n+— (n = 0, 1, . . .) is then isomorphic to a (pseudoorthogonal) direct 
sum of three irreducible representations (for n ^ 3), 

n n + l\ /n n— 1\ /n— 2 n— 1\ /,„,s 



2' 2 y v 2 2 

each of them should posses a definite restriction of the scalar product. In particular, 
the full dimension df (n) of the space (4.73) is 

\ d f (n) = in 2 + in + 2, (n+i) d, (n) = \ (2n+l) 3 + (2n+l) , (4.74) 

for all n = 0, 1, . . ., so that the thermal energy mean value and vacuum energy are 
given by 

(H + E ) q = |( G4 (I±l)-8Gf4(r)) + ^ (g 2 (^) -2G 2 (r)) , (4.75) 

£b = -- — (l — 2 3 ) - * ^ (1-2) = ii- . (4.76) 
4 8 1 ; 4 4 1 ; 960 v ; 

Note that although G 2 is not a modular form the differences entering the right hand 
sides of (4.65) and (4.75) are multiples of F(t) (A. 15) and are thus modular forms 
of weight two and level Tg . 
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4.4. The Maxwell free field 

The electromagnetic (or Maxwell) free field is a 6 component field F a p (z) = 
—Ffi a (z) (1 < a < (3 < 4). It is convenient to write it as a 2-form: 

F(z) = ^F aP (z) dz a Adz 13 (4.77) 
which makes clear its transformation properties and conjugation law: 

U{g)(F aP (z) dz a Adz' 3 )U(g- 1 )^F af3 (g(z)) dg(z) a A dg(zf , (4.78) 

(F afi (z) dz a AdzP)* = F aP (z*) <tz a AdzP (z* = (dz a )* = d(z*) a ), (4.79) 

z 2 

where g = e tn for a real conformal generator f2 as in Eq. (2.15). The 2-point function 
is 

/nip /, i P /, ii n \ . r «m2 ( z i2) r fafc (£12) - r ail 3 2 (z 12 ) r Pia2 (z 12 ) 

(Q\ k ai fa{ Zl ) b a2 fa{z 2 )\()) := ——2 , (4.80) 

(^12) 

(z) := <5 Q /3 — 2 . It is verified to satisfy the Maxwell equations 
z 2 

dF(z)=0, d*(F)(z) = 0, (4.81) 

* being Hodge star: *{F) a/3 (z) := e a fi pa F pa {z). 

To compute the (compact picture) finite temperature correlation functions 
(Fa! fa (Ci, u i) F a2 p 2 (C2,U2)) q we again use the diagonal frame in which, 2v = 
(0, 0, —i, 1), ui,2 = (0, 0, ±sin7ra, cos7ra); then there exist linear combinations 
of the field components 

V2F± = F 23 ±F U , V2F^ = F 31 ±F 2 a, V2F^ = F 12 ±F 34 , V2F^ -Ff±zF 2 e (4.82) 
(e = ±) such that 

(0| F+(Ci,ui)Fr(C2,w 2 )|0) =: W (Cia.a) = 

1 / , > , , n 1 / cos 7rC+ cotg27ra 

= TT - ^ (cotg^C- - cotg7rC+) - — — . 3 V - . I 

4 sin 2na 4sin27TQ! \ sm 7r C+ sm 7r C+ 

(0| F±(Ci, ui) F+ (C 2 , u 2 ) |0) - W (C12, -a) ; (0| F 3 +(Ci,«i) F 3 -(C 2 ,u 2 ) |0) = 

= , ■ L ( ■ 2 1 , + ■ 2 , +2cotg2 TO (cotg7rC+-cotg7rC-)) (4.83) 
4 sin 2na \sm 7r(+ sm 7r£,_ / 

((± — C12 ± a). The corresponding finite temperature correlation functions read: 
( F+(Ci,«i) FI(( 2 , u 2 ) ) q =: W q (C12, a) = —^— { Pl ( C _,r) - Pl (C+, r))- 
--j-A — (^-P3 (C+,T)-cotg27rap 2 (C+,t)) ; 

4sin27TQ! V27T / 

<F+(Ci,ui)F7:(C2,«2)) 9 = ^(Ci2,-a); (^ 3 + (Ci, Ul )F3-(C2,«2)) 9 = 

= , . L (P2 (C+, ^) + P2 (C-, r) + 2cot g 2™ (p! (C+,r)-pi (C-,t))). (4.84) 
4 sin 27ra 
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In order to find the thermal energy mean value for the Maxwell field we have 
to compute the dimension d(n)(= ds (n)) of the 1-particle state space of confor- 
mal energy n, spanned by F a p- _„ (z) |0) where the mode F a p- _„ (z) is a homoge- 
neous (harmonic) polynomial of degree n — 2, satisfying the Maxwell equations. 
To this end we display the SO (A) representation content of the modes satisfying 
the Maxwell equations. Decomposing the antisymmetric tensor F a p into selfdual 
and antiselfdual parts, (1,0) © (0,1), we see that the full space of homogeneous 
skewsymmetric-tensor valued polynomials in z of degree n — 2 generically splits 
into a direct sum of three conjugate pairs of SU(2) x SU(2) representations; for 
mstance, (1,0)® — ) = (-, —) —) © (— , —) 

(for n > 3). Maxwell equations imply that only two of the resulting six repre- 
sentations, those with maximal weights, appear in the energy n 1-particle space: 

d(n) = 2 (n 2 - l) 

and using (4.32) we then find 

(H + E Q ) g =2G 4 (t)-2G 2 (t), E = -2^ + 2^ = ^. (4.86) 

Remark 4.5. Let us consider a generalized free vector field C a (z) independent of 
F a p{z) (i. e., commuting with it) and having two point function 

(0| C a ( Zl ) lp (z 2 ) |0) = C TaP ( 2 Zl2) , d za Ip (z) = d z0 c a (z) (4.87) 

Z 12 

(the last equality means that C a (z) is a "longitudinal' field but we note that there 
is no GCI scalar field s (z) such that C a (z) — d z c s (z)). The field C a (z) satisfies the 
third order equation 

d 2 z d z ■ C (z) = (4.88) 
and it then follows that the conformal energy n state space has dimension 

dc{n)= ("J 3 )-^ 1 ) = (n + l) 2 + (n-l) 2 = 2(n 2 + l) . (4.89) 

Thus the thermal energy mean value in the state space of F a p (z) and C a (z) will be 

(H F + H[ + E ) g = 4G 4 (r) , E = ^ (4.90) 

(Hp and H c being the conformal Hamiltonians of the corresponding subsystems). 
We can interpret the state space of C a (z) as the space of pure gauge transformations 
and then the full state space of F a p (z) and C a (z) has the meaning of the space of 
all gauge potentials. 



(4.85) 
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5. The Thermodynamic Limit 

5.1. Compactified Minkowski space as a "finite box" 
approximation 

We shall now substitute z in Eqs. (1.3) and (2.3) by — thus treating S 15-1 and S 1 

R 

in the definition of M as a sphere and a circle of radius R (> 0). Performing further 

the Minkowski space dilation (2R) n - 1D : x» ^ — , p = 0, . . . , D - 1 (sec Eq. (2.2)) 

2R 

on the (real) variable (z =)x in (2.3) we find z(x; R) = Rz or 

■ o x 



\2RJ \2RJ 

The stability subgroup of z (x; R) = (e T + ) in C is conjugate to the maximal 
compact subgroup JC C C: 

K{2R) = (2Rf- 1D IC (2Ry n - 1D , K = /C(l) = U (1) x Spin{D)/^. (5.2) 

In particular, the hermitian U (l)-generator H (2R), which acts in the z— 

d 

coordinates (5.1) as the Euler vector field z , is mutually conjugate to H = H(l), 

dz 

H(2R) = (2Rf- 1D H (2i?r°- 1D , H = H(l) . (5.3) 

For large R and finite x the variables (z, Zu ~ R) approach the (Wick rotated) 
Minkowski space coordinates (x,ix ^. In particular, for x° = 0(= Q, the real 
(D — l)-sphere z 2 = R 2 can be viewed as a S'0(D)-invariant "box" approaching 
for R — > 00 the flat space M 13-1 . Thus the conformal compactification of Minkowski 
space also plays the role of a convenient tool for studying the thermodynamic 
limit of thermal expectation values. This interpretation is justified in view of the 
following: 

Proposition 5.1. The asymptotic behaviour of z (x; R) — Ren fee = (0, 1)) for 

large R is: 

z(x;R) = x + 0(J!^!L) , z D (x;R)-R = ix° + o(M!), (5.4) 

^ hi ' * hi ' 



R ' V 

HR . = ium = Po + _i_^ o(=Po+0 (i) eich (5 . 5) 



where \\x\\ := \J (x ) 2 + \x\ 2 for x — (x°, x) G M and iP is the real conformal al- 
gebra generator of the Minkowski time (x°) translation (see Sect. 2.1). The operator 
Hr is the physical conformal Hamiltonian (of dimension inverse length). 
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Proof. Eq. (5.4) is obtained by a straightforward computation. It follows from 
Eqs. (2.2) and (2.9) that 

H = \ (P + K ) ■ (5.6) 

To derive Eq. (5.5) one should then use (5.6) and the equations \ n ~ 1D P \~ n - 1D = 
AP , \ n - 1D K \- n - 1D = X^Ko; hence, H (2R) = {2R) n - 1D H {2Ry n - 1D = RP + 

Remark 5.1. The observation that the universal cover of M, the Einstein uni- 
verse M = R x S D_1 (for D = 4), which admits a globally causal structure, is 
locally undistiguishable from M for large R has been emphasized over 30 year ago 
by Irving Segal (for a concise expose and further references - see [32]). For a fixed 
choice, fi-i_D, of the dilation generator in (5.2) he identifies the Minkowski energy 
Po with the scale covariant component of Hr. With this choice M is osculating M 
(and hence M) at the north pole (z,zry) = (0, P) (respectively ( — 0, u = en), 
identified with the origin x = in M. (The vector fields associated with Hr and 
Po coincide at this point.) 

Using the Lie algebra limit lim Hr = Pq implied by (5.5), one can approximate 
the Minkowski energy operator Po for large R by the physical conformal Hamilto- 
nian Hr. As we shall see below, the fact that in all considered free field models in 
dimension D = 4 the conformal mean energy is a linear combination of modular 
forms Gik (j) with highest weight 2k = 4, has a remarkable corollary: the density 
£ of the physical mean energy has a limit reproducing the Stefan-Boltzmann law 



< g *>„ _ C 

R-Too <Vr /3 4 



£(13) := lim = — for q := (5.7) 



where C is some constant, (3 = — is the inverse temperature T multiplied by the 

kT 

Boltzmann constant k) and <Vr := 2n 2 R 3 is the volume of the 3-sphere of radius R 
at a fixed time (say x° = = (). We will calculate this limit for two cases: the 
model of a free scalar filed in D = 4 (see Sect. 4.2.1) which we will further denote 
by <p and the Maxwell free field model introduced in Sect. 4.4. 

Proposition 5.2. For the free scalar field in dimension D = 4 we have the 

R 

following behaviour of the mean energy density for — 3> 1 

£r{P) - V R tr v e-^ ~ \30 480^P 4+ °V e ))(3^ ^ 
The corresponding result for of the Maxwell free field is 



£ « (/?) = {-^--^ + A^R^-2^m +0 \ e (5 - 9) 
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Proof. The hermitian operators H and H (2R) are unitarily equivalent due to 
Eq. (5.3). This leads to the fact that tr v q H ^ and tr v H (2R) q H(2R ^ do not 
depend on R. Then Eqs. (4.30) and (4.86) imply that in the two models under 
consideration we have 

gJ-^-) — 2G 4 f JL) 2G 2 ( JL) il 

4 y) (/?)= 2 T , 4 F) (/3)= W 5 W 120 ■ (5.10) 

Using further the relations 

G2 W = 72 G2 (v)-i' G ^) = ^ G *(v) (5 ' n) 

(which are special cases of (A. 13) and (A. 14)) we find 



(/?) = _L ( 8tt 2 G 4 =^ , (5.12) 

R 1 ' /3 4 V V /3 > 480^ 2 iW 1 ; 

4%) = -1 fl6. 2 G 4 f^) + ^G 2 f^) + -4 (5.13) 

Finally, to obtain Eqs. (5.8) and (5.9) one should apply the expansion (A. 16) im- 
plying that 



G2 (^r)^-2i + ( e G4 (^r)-24o + G 



□ 



Remark 5.2. In order to make comparison with the familiar expression for the 
black body radiation it is instructive to restore the dimensional constants h and c 

setting H R = —H(2R) (instead of (5.4)). The counterpart of (5.10) and (A.16) 
R 

then reads 



hc/3 
n 3 e R 



W.-5(*( ! f)-»)-lI (5 '»» 

n — 1 n 

1 - e 

Each term in the infinite sum in the right hand side is a constant multiple of Plank's 
black body radiation formula for frequency 

v = n^. (5.15) 

c 

Thus, for finite R, there is a minimal frequency, — . Using the expansion in (5.14) 

R 

one can also find an alternative integral derivation of the limit mean energy density 
(5-10): 

hc/3 
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00 t 3 e~* 7T 4 

since the sum in the right hand side goes to the integral f dt = — . 

1 - e~* 15 

Remark 5.3. We observe that the constant C in (5.7) in both considered models 

is equal to Cl , where c\ is the coefficient to the G 4 -modular form in (H) (see 

30?r 2 x lq 

Eq. (4.29)). If we use in the definition (5.5) of H R the Hamiltonian H (2R) + E' n 

(2_/?) -\- E' 

instead of H (2R), Hr := — -, then this will only reflect on the (non- 

R 

oA j^/ oA 

leading) terms C4— in (5.8) (5.9) replacing them by — — — - — -, where En is the 
i? 4 2tt 2 i? 4 

"vacuum energy" for the corresponding models (i.e., En is and for the 

240 120 

fields ip and F au , respectively). 

5.2. Infinite volume limit of the thermal correlation functions 

We shall study the R — > 00 limit on the example of a free scalar field ip in four 
dimensions. 

Denote by <p M (x) (the canonically normalized) D = 4 free massless scalar field 
with 2-point function 

(0\i P M (x 1 ) l p M (x2)\0) = (27T)- 2 (xi 2+i 0x° 12 y 1 (5.17) 

(xi2 = x\ — X2, x?2 = x i2 ~ ( x i2) 2 )- We define, in accord with Proposition 5.1, a 
finite volume approximation of its thermal correlation function by 

(if ( Xl )p (.x 2 )) 0R := — e _ fiHR (5.18) 

and will be interested in the thermodynamic limit, 

(p M {x l ) V M {x2)) f} oo := fl lim ( i p M (x 1 ) V M (x 2 )) /3tR . (5.19) 

Proposition 5.3. The limit (5.19) (viewed as a meromorphic function) is given 
by 

\ x u\ 

sinh 2-7T / I, \ _1 

(p M ( Xl ) p M (x 2 )) _ = ^— (cosh 2tt—- -cosh 2tt—\ , (5.20) 



]x 12 \ := = \J(xl 2 ) 2 + {x\ 2 f + {x\ 2 f ). 



We shall prove this statement by relating ip M (x) to the compact picture field 
ip (C, u) (= cjP^ (C, u)) whose thermal 2-point function was computed in Sect. 4.2. 

First, we use Eq. (2.23) to express ip M (x) in terms of the z-picture field (corre- 
sponding to the i?-depending chart (5.1)) 

2irp M (x) = 1 m {z(x-R)) (5.21) 
^2RJ 
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— ] , cp. (2.4)). The factor 2ir in front of ip M accounts for 

2R> 4 

the different normalization conventions for the x and z picture fields (we have 
(0| ip(z!) tp{z 2 )\0) = (z^y 1 instead of (5.17)). 

As a second step we express <fi R (z) - and thus <p M (x) - in terms of the compact 
picture field ip R ((, u): 

ip R {(,u) := Re 2 ^ip(Re 2 ™<-u) , 



Here C and u are determined as functions of from e 2m ^u = Z ^ = z(-^—\ 

2R R ^2RJ 

(z(x) is the transformation (2.3)); in deriving the second equation in (5.22) we have 

used the relation e 47 ™^ = Z ^ X: ^ = 

R 2 V2i?/ V2i?/ 

Next we observe that ip R (£, u) are mutually conjugate (for different R) just 

as H (2R) in Eq. (5.3). (To see this one can use an intermediate "dimcnsionlcss" 
2 / x \ 

coordinates z(x;R) = — = Z \J^J> wmc h differs from (2.3) just by the dilation 

(2R) 1D .) It follows that its vacuum and thermal 2-point function with respect to 
the Hamiltonian H{2R) do not depend on R and coincide with (4.20) (for d = 1) 
and (4.22). Thus 

„ 2/ Mi \ Mi x\ Pi((i2+a,T R )- Pl {( 12 -a,T R ) 

4tt 2 ((p M ( Xl )<p M (x 2 )) pM = (5.23) 

167ri? 2 \uiu> 2 1 sin 2ira 

for ^ = ), C12 = C(^) -C(^), cos 2na = u(^) ■ u(^) ,r R = ^-. 

V2i^ V 2j R/ H 2 i?/' \2R) \2R) 2nR 

In order to perform the R —* oo limit we derive the large R behaviour of \u>k\, C12 

and a: 

27rCl2= ^(i + o(^^i)), 2^=^(1+0(^4^)), 

4K| 2 = l + 0(^£), (5.24) 

(||ar|| := \J {x ) 2 + \x\ 2 ) following from 

l+(^) 2 

cos27ra= ^ , 8in27rC fc = -^-, u = u 4 = 12rJ_^ 

2\u k \ 2i? |^ fe | 2i?|w fe | 2i?|w fe | 

/i • 2 / n2 j^ial 2 /% , n f ||^i|| 2 +lk2|| 2 \ \ 
4sm na = ( Ul -u 2 ) =—^^l + 0( — )). 



Elliptic Thermal Functions and Modular Forms in a GCI QFT 45 



To evaluate the small tr (large R) limit of the difference of pi-functions in (5.23) 
we use (A.ll), (A. 17) and (A. 14) to deduce 

Pi(C,r) = -(pi(^,— )-27ric) • (5.25) 



T \ V T T 

Eq. (5.25) implies, on the other hand, that 

f(i2±a -1\ ( x° 12 ±\x 12 \ i2wR \ . / x° 12 ±\x 12 \ \ 
pA , — w pA m coth Tr . 5.26 

^ TR Tr J R^co V Ifj fj 1 R-^oo \ fj J 

Inserting (5.24)-(5.26) into (5.23) we complete the proof of (5.20) and hence of 
Proposition 5.3. 

Remark 5.4. The physical thermal correlation functions should be, in fact, 
defined as distributions which amounts to giving integration rules around the poles. 
To do this one should view (5.20) as a boundary value of an analytic function in 
x\2 for x\ 2 — > x\ 2 — is, e > 0, e — > (cf. (5.17)). It is not difficult to demonstrate 
that the limit e — > +0 and R — > oo in (5.19) commute. Using (5.25) we can also 

compute the correction to (5.20): 

R(3 

To obtain the Fourier expansion of the result we combine Eqs. (5.23) (5.24) with 
the g-series (4.26) and set (as in Remark 5.2) 



n 
R 

The result is 



oo 

00 1 r 
-V, E^^) fi - / (5-28) 



n = l Q 



(2.) 2 <^ (xi) ^M ( , 2)U ^_^__ + 

oo 

+ ~ t f / ; — cos (px° 12 ) sin (p\x 12 \) dp. (5.29) 

\xi2\ o 1 - e pp 

To conclude: the conformal compactification M of Minkowski space M plays a 
dual role. 

On one hand, it can serve as a symmetric finite box approximation to M in the 
study of finite temperature equilibrium states. In fact, any finite inverse temperature 
[5 actually fixes a Lorentz frame (cf. [8]) so that the symmetry of a Gibbs state is 
described by the 7-parameter "Aristotelian group" of (3-dimcnsional) Euclidean 
motions and time translations. In the passage from M to M the Euclidean group 
is deformed to the (stable) compact group of 4-dimensional rotations while the 
group of time translations is compactificd to U (1). Working throughout with the 
maximal (7-parameter) symmetry allows to write down simple explicit formulae 
for both finite R and the "thermodynamic limit" . 
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On the other hand, taking M (and its universal cover, M = M x § 3 ) not as an 
auxiliary finite volume approximation but as a model of a static space-time, we can 
view R as a (large but) finite quantity and use the above discussion as a basis for 
studding finite R corrections to the Minkowski space formulae. It is a challenge from 
this second point of view to study the conformal symmetry breaking by considering 
massive fields in M. 

6. Concluding Remarks 

Periodicity of (observable) GCI fields in the conformal time variable £ suggests 
that their Gibbs (finite temperature) correlation functions should be (doubly pe- 
riodic) elliptic functions in the conformal time differences with second period pro- 
portional to the (complexified) inverse absolute temperature. We give arguments 
(Theorem 3.5, Corollary 3.6) that this is indeed the case in a GCI Wightman the- 
ory. Explicit constructions are presented of elliptic 2-point functions of free fields 
in an even number of space-time dimensions. 

If a field tp ((, u) of dimension d and its conjugate satisfy the strong locality 
property (2.22), i.e., if 

(cos 2ttCi2 - ui • u 2 f [V(Ci, «i) r((2, u 2 ) - (-1) 2 V(C 2 , «z) V(Cl, «i)] = (6.1) 

for N ^ then the Gibbs 2-point function ( V(Ci; u i)V'* {(,2,112)) q has exactly 
two poles in a fundamental domain, centred around the origin of the (12 plane, of 
leading order N^, at the points 

(12 = ±Q for u\ ■ U2 = cos 2ira , ^ a < — . (6-2) 

For a rank I symmetric tensor field ip of dimension d the integer N$ coincides 
with d + £; for an irreducible spin-tensor field in D = 4, of S(U(2) x f/(2))-weight 
(d; 31,32), we have N$ =d + ji + j 2 . 

The conformal energy mean value in an equilibrium Gibbs state (with suit- 
ably shifted vacuum energy) appears as a superposition of modular forms of differ- 
ent weights. Postulating this property for the photon energy (associated with the 
Maxwell stress tensor F) requires including (non-physical) gauge degrees of free- 
dom (otherwise, the non-modular term — 2G2 (r) contributes to (4.86)). The result 

is then a modular form of weight 4 (Sect. 4.4, Eq. (4.90)). The same is true for the 

3 

free massless scalar field for D = 4, while the energy mean of a d — — Weyl field 

is a superposition of modular forms (4.68) of weight 4 and 2 (and level Tg - see 
Appendix A, Eq. (A. 15) and the text following it). The question arises whether re- 
laxing the condition of Wightman positivity one cannot find an (indefinite metric) 
interacting Weyl field model whose energy mean value is a (homogeneous) modular 
form of weight four (as suggested by the study of chiral conformal models in 1 + 1 
space-time dimension). More generally, the role of modular invariance in higher 
dimensional conformal field models still awaits its full understanding. 
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Appendix A. Basic Elliptic Functions 

In this Appendix we define the basic elliptic functions used in the paper and list 
their properties and relations with the conventional functions. 

Recall that an elliptic function /(£) is a meromorpic function on C (9 Q 
which is doubly periodic. Its periods can be chosen (after rescalling by a nonzero 
complex constant) to be 1 and r with r £ Sj ( := {r' £ C : Imr' > 0}). Thus, 
f(() = f(( + m + nr) for m, n £ Z and hence, / is completely determined by its 
values in the fundamental domain T) :— {( £ C : ( = A+ fir, < A,/z < l}. By 
the Liouville's theorem, /(£) should have at least one pole in 2) if it is nonconstant: 
otherwise it will be bounded nonconstant entire function in £ which is not possible. 

f'(C) 

Integrating /(C) and over the boundary d® (or, over the shifted dD + c, if 

necessary) we conclude in addition (by the Cauchy theorem on one hand, and the 
double periodicity, on the other) that: (i) the sum of the residues of the simple 
poles of / lying in D is zero and, (ii) the sum of multiplicities of all zeros minus the 
sum of multiplicities of all poles of / in D is also zero. In particular, / cannot have 
just one simple pole in D. Therefore, if the singular part of / in D has the form: 



for some K, S G N, N, N Sik e C, ( s £ D (k = 1, . . . , K, s = 1, . . . , S), then / can 
be represented in a finite sum: 

k s 




(A.I) 




(A.2) 



fe=ls=l 



where Pk{(,T~) are, roughly speaking, equal to: 




(A.3) 
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The series (A. 3) are absolutely convergent for k > 3 and 



Pk+i((,T) = ~ (d cPk ) (C,t) . 



(A.4) 



For k = 1, 2 one should specialize the order of summation or, alternatively, add reg- 
ularizing terms. In such a way we arrive at the standard Weierstrass functions [12]: 



1 



3 (C, r) = - + 



•(C, r) 



E 

n,n) 
\{<0 

72+ E 



(m,n) £ 

ez2\{(o,o)} 



1 



1 



c 



£ + TOT - 



TOT + n 



(tot + n) z 



(m,n) 6 
ez 2 \{(o,o)} 



(£ + tot + n) 2 (tot + n) 2 



(A.5) 



(A.6) 



Thus 3(C) T ) an d p(C T ) are °dd and even meromorphic functions in £, respectively, 
and 



(5 C 3) (C, r) - -p (C, r) , (d ( p) (C, t) = -2p 3 (C, r) . 



(A.7) 



Since P3 (£, r) is elliptic it then follows that p(£, r) is also elliptic. The function 
3(Ci r ) cannot be elliptic (by the property (i) above) and, in fact, 



3(C+1,t) =3(C, t)-8tt 2 G 2 (t) , 

3 (C + r, t) =3 (C, t) - 8tt 2 G 2 (t) t - 2m 



where 



2 (27ri) 2fe 



E — 



n£Z\{0) 



E/ El / , \2fe 

mGZ\{0} nGZ l TOT + "J 



(A.8) 
(A.9) 

(A.10) 



(k = 1,2,.. .) are the G-modular functions also playing central role in this work. 
Hence, 3(C> T ) an d p{(, t) are possible candidates for p\ and p 2 and they are indeed 
used as basic functions in [38] . As we have explained in the introduction we prefer 
to work with (anti)periodic function in £ with period 1 and on the other hand, to 
preserve the relation (A.4) for all k £ N so that this naturally fixes 



Pi(C,t) := 3(C,t)+87t 2 G 2 (tR, 
P2(C, t) := p(C, t)-8^ 2 G 2 (t) . 



(A.11) 
(A.12) 



For k > 1, the above introduced G 2 & (r) are modular forms of weight 2k (and 
level 1): 



1 



\2A: 



(cT + d) 

while for k = 1 we have instead 



G 2fe (^^) = G 2fc (t) for (° ^ e SL(2, Z) , (A.13) 



1 



(cT + rf)^ 



47T (cT + rf) 



(A.14) 
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In applications to CFT there appear more general modular forms like 

F{r) := 2G 2 (r)-G 2 (^) (A.15) 
which is invariant under the index 2 subgroup Tg of SL (2, Z) generated by S and T 2 
where S is given by (1.2) and T = ( ^ J J . We note that the normalization factor in 



the definition of the modular forms G 2 k (t) (A. 10) is chosen so that the coefficient 
to q in their Fourier expansion is 1. Then one finds that all Fourier coefficients 
(except the constant term) are positive integers: 

D 00 2k— 1 i 00 

G 2k (r) = +£ f— -q n = -C(l-2fc)+]T ^-,(r»)9" (A.16) 

n = 1 n = 1 

where <7;(n) = r ' (sum over all positive divisors r of n), 5/ are the Bernoulli 

r\ n 

numbers, and £ (s) is the Ricmann ^-function. 

Let us mention also the modular transformation properties of the Weierstrass 
functions (A. 6) and (A. 5) 

Thus, our pi(C,t) (A. 17) and P2(Cj t ) (A. 18) will obey inhomogeneous modular 
transformation laws (as in the example of Eq. (5.25)). (This is the price for pre- 
serving the periodicity property for £ 1— ► £ + 1.) 
We will use also the Jacobi -^-functions [25] [37]: 

oc 

0(C, t) := X! e"(" 2r+2 " C ) = ^00 (C, r) , (A.19) 

71 — — OC 

0x K (C, r) := e' 1 ^ ( C + r) (A.20) 

for k, A = 0, 1, which have the following properties (for k, A = 0, 1): 

^(C + mr + n,r) = e -"K T +H tf AK ((, r) , (A.21) 

(-C, r) - (-1) AK $x k (C, t) , (A.22) 

#A K (C, r)=0 ^ C G ( Z +^) r + (A - 23) 

(Eqs. (A.21) and (A.22) are first proven for the series (A.19) and then for the other 
functions (A.20); Eq. (A.23) follows from Eqs. (A.22) and (A.20) since the first one 
means that #n (C, r) is odd in (.) We are using in Sect. 3.2 the fact that the odd 
^-function, i?n, can be written in the form 



0h(C,t) = -2 (-l)"e CTT (" + ^) sin(2n+l)vrC. (A.24) 

n = 
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Returning to our set {pk((,r)} of basic elliptic functions we can rewrite (the 
qausielliptic) pi(C,r) as 



N 

Pi((,t) = !™ ^cotg [7r(C+nr)] = 

n = -N 

oo 

= {71-cotg [7r(C+nr)] +iir sgn(ra)} = (A. 25) 

n — — oo 

M N 

= lim lim V V , (A.26) 

M^oo Af^oo C + m + TIT 

m=—M n=-N 

where sgn(n) :~ - — - for n ^= and sgn(0) := 0. Indeed, first note that the second 
n 

sum in Eq. (A. 25) is absolutely convergent since the absolute value of the summand 
has a behaviour as e -^\ n \ ImT ^ Then Eq. (A.26) follows from Euler's identity: 

= lim f (A = 0,1). (A.27) 

smTrC w^oo ( + n 

' n = -N 

Finally to obtain the first Eq. (A. 25) we take the difference between both sides 
and observe that it is an elliptic function in (, in accord to Eqs. (A. 9) and (A. 11). 
On the other hand, this difference is regular in £ in the fundamental domain £>, 
because of Eqs. (A. 5) and (A.26), so that it is a constant which is actually zero 
since it is obviously an odd function in (. 

Eq. (A. 25) is closely related to the general form of the elliptic correlation func- 
tions arising in the free field GCI models according to Theorem 4.1 (see Eq. (4.6)). 
In view of the more general situation of the "grand canonical" corelation func- 
tions in Remark 4.1 (Eq. (4.11)) we are led to introduce for k, A = 0, 1, r € $), 
( e C\(Zt + Z) and ^ e m 



7TCOS 1 x \Tr((+nT)] 

. F ^/ J +^(1-A)sgn(n) 
sin [TT[(, + nT)\ 



e -Kin(2fj,+K)^ (A. 28) 



For \n\ 3> the absolute value of the summand in the above series will have 
a behaviour as e -A n \ lmT anc | therefore, the series is convergent for every ( S 
C\(Zt + Z), /1 e M and r e f). It then follows that 

P^iC + r, r, M ) = (-1) K e- 2 ^K< A (C, r, M )-™(l-A)(l+ e — 

Pi' A (C + 1, r, n) = (-lfp^ (C, r, /i) . (A.29) 

In the case of k = A = we will simplify the notation setting 

pi (C, r, M ) := p°° (C, r, M ) . (A.30) 
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Proposition A.l. The functions p*' x (£, r, /J,) (A. 28) (k, X = 0,1) have an an- 
alytic extension to meromorphic functions in (£, r, fx) G C x x C given for 

M + | em\z, by 

* ^' ^-a^t) W d-A).cotg.( M+ -). (A.31) 

TTiey are regular for all /j, £i and 

Pl (C,r,0) = ^^. Pl (C,r), (A.32) 
Pi(C,t) freing defined by Eq. (A. 11). 

Proof. Let (( £ t and take the difference A (£, r, /i) between the left and right 
hand sides of Eq. (A.31). From the properties (A.21)-(A.23) and (A. 29) we find 
that 

A (C + mr + n, r, fi) = e -2'™c A T , n) . (A.33) 

(Note that the second ratio in Eq. (A.31) is chosen to obey the the quasiperiodicity 
property (A.33) and its pole coefficient at ( = is canceled by the first ratio.) On 
the other hand, A (£, r, ji) is analytic in £, for fixed r and /i, outside the lattice 
Zr + ZcC and since it is also regular at the origin ( = 0, Eq. (A.33) then implies 
that A ((, t, ii) is an entire bounded function in Q. By the Liouville's theorem we 
conclude that A (£, r, docs not depend on ( and it is actually zero, again by 
Eq. (A.33). 

Eq. (A.32) follows in the same way from Eqs. (A.8), (A.9) and (A.29). (The 
constant here is fixed by the behaviour for £ — > 0.) □ 

For k = 1, 2, . . . we set 

p^ A 1 (C,T, M ) = -ic) c ^ A (C,r, M ), p fc (C,T,/i) :=^°(C,r,M), (A.34) 

K;\(C,t) =^ A (C, r, 0)(= -^ c ^' A (C,r)), p fc (C,r) p£° (C,r). (A.35) 

Proposition A. 2. Every function p k ' X (£, t, /i), /or fc = 2,3,..., is uniquely 
characterized by the conditions: 

(a) p1' X ((, t, fi) is a meromorphic function in (£, r, ^t) £ C X ij X C and /or rea/ p 7 
and /or aZZ r € Sj, k = 1, 2, . . k, A = 0, 1, Zias exactly one pole in Q at o/ 
order k and residue 1 in t/ie domain jar + /3 : a, (3 G [0, 1)} C C; 

(b) p K k > X (C + l,T,») = (-l) X p K k ' X (C,r, M ); 

fcj p K k A (C + r, r, M ) = e"- ( 2 p^ A (C, r, /i) . 
.ft afco obeys the property 

(d)p K k X (-CT,ri = (-lfp« k X ((,T,ri. 
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The function p1 ,x (C, t, /u) can be fixed by the condition (d) and the relation (A. 34) 
connecting it with the function (d T i M)- 
For (iGlnie Ziaue i/ie series representation 

^ A (C,r, M )= 2 -777 (A.36) 

which is absolutely convergent for k 3 and Q G C\(Zr + Z), and /or k = 1,2 
£/ie sum should be taken first in n for \n\ ^ N as N ^ oo and then in m for 
\m\ < M -> oo. 

Proof. Clearly the of functions defined by Eqs. (A. 31) and (A. 34) satisfy the con- 
ditions (a)-(d) except the case of k = 1 in (c). By the argument used in the 
proof of Proposition A.l it follows that (a)-(c) uniquely determine the functions 
Pk' (Ci T i m) f° r ^ 2. The relation (A. 34) fixes the function (£, r, /i) up to an 
additive constant which is determined by the condition (d). 

The derivation of Eq. (A.36) is based on (A. 28) and (A. 27). □ 



Eq. (A.36) implies that: 



Pfe°(C,r) =p fc (C,2r)-p fc (C,r) ) 

tf(C,r) = 2 1 - fc Pfe (^-±l)- Pfe (C,T). (A.37) 
Appendix B. Proof of Proposition 3.4 

We begin by recalling a basic fact of the theory of formal power series 

oc 

Fact B.l. Let R be a commutative ring with unit and a(q) =1+X) a nQ n € 

n = l 

Rfq} be an infinite formal power series in a single variable q. Then a(q) is invertible 

oo 

in Rig}, i.e., there exists unique 6(g) = E b n q n € R\g\ such that a(q)b(q) = 1. 

n = 

Moreover, b = 1 and if a(q) is a complex series that is absolutely convergent and 
nonzero for \q\ < A then b(q) is absolutely convergent for \q\ < A -1 . 

/ oo \ / oo \ oo / n — 1 \ 

Proof. Noting that 1+ E a„q" E 6„g" = &o+ E E ««-fc&fc U™ 

^ n=l / ^„ = 7 n=l V fc = 7 

one can inductively determine b n starting with bo = 1. If a(q) is absolutely con- 
vergent and nonzero for \q\ < A then b(q) will be the Taylor series of an analytic 
function for \q\ < X~ x so that it will be absolutely convergent there. □ 

Continuing with the proof of the statement (a) of Proposition 3.4 we note first 
that 0i2 is obtained from (3.13) (see also (1-11) (1.12)) as a formal power series in 
q with coefficients that are polynomials, say ©12 , m e ±7 ™^ 12 and e ±7T ' la . Thus the 
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coefficient in to e m7Tt< ^ 12 (for \m\ ^ n) will be an even trigonometric polynomial 
in a with period 1 (since 812, as an analytic function, is even and periodic with 
period 1 in (12 as well as in a, according to Eqs. (A. 21) and (A. 22)) and hence, 
0^ is a polynomial in cos27ra = u\ ■ U2 G C[wi,U2]- Then considering as a 
polynomial in cos 2ira we find in the same way that its coefficients are polynomials 
in cos27r(i 2 . Summarizing, we have 612 G C[e ±27 ™'» 1 , m; e ±2nl( ' 2 ,1*2]. To prove next 
Eq. (3.15) we observe that Q12 is a polynomial in cos27r£i2 (with polynomial 
coefficients in cos27ra) which is zero for cos27r(i2 = cos27ra (since 812 = for 

q(«) q(") 

(12 = ±a). It then follows that — ; = — is again 

4 sin 7T^ + sin 7r£_ 2 (cos 2ira — cos 27r£ 12 ) 

a polynomial in cos27r£i2 and cos27ra. This and the second equality in (3.13) prove 
Eq. (3.15). Since 812 is even in both, (12 and a, we have the symmetry G12 = 02i- 
Now the proof of the first part of Proposition 3.4 (b) follows from Fact B.l, 
Eq. (3.15) and the existence in C[e ±27riCl ,Ui] + [e ±27r ^ 2 ,u 2 ] + of the inverse: 
1 4e -27riC 12 

= = (B.l) 

sin ttC+ sin ttC- 1-2 cos (2na) e^ 2 ™^ 12 + e - im ^ 2 

OO 

= 4 ^ C^(cos27ra)e- ( " +1)7 " Cl2 (B.2) 

n = 

where (t) are the Gegenbauer polynomials already used in Sect. 4.2. 

Continuing with the proof of Proposition 3.4 (c) we note first that the symmetry 
of follows from that of Qjk- To obtain Eq. (3.17) one first derives for m e Z: 

e(Ci2+mr; ui.ua) = e - 2 -K-+ 2 ™^ 2 ) 0(Ci 2 ; u u u 2 ) (B.3) 
using Eqs. (3.13) and (A. 12). Then we have for Ai, . . . , A„_i e Z: 

^(Cl2 + AiT, . . . ,Cn-ln + K-lT] Ul, . . . , U„; r) = 
m— 1 



II e (E + A J r ); «i ; «m) = 

1 / < rn fC n j — I 

- 2 ™ E E A r+2 (E A 0(Ec 



X J = I ' v j = i 



X fi(Cl2, • • • ,Cn-ln; "I, t) (B.4) 

so that expanding the sums in the latter exponent we arrive at Eq. (3.17) with a 
positive definite integral matrix {A^}Yj~kLi- 

To prove the Proposition 3.4 (d) let us write (following [25]): 

n-l 

F(Ci2,...,Cn-m;r) = £ ^...^(9) e *=* (B.5) 



(mi,...,m n _i) £ ' 



■n-l 



where F' mi m _ (q) are infinite formal power series in qi (with coefficients in the 
algebra R). Then the properties (3.17) combined with the expansion (B.5) implies 
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that F' mi mnl (q) are nonzero if n%k + — Qmod2. Therefore, we can rewrite 
the expansion (B.5) in the form: 

n-l 

F(Ci2,...,Cn-in;r) = 2^ ... 2^ F I/1 ... Un _ 1 {q) e *=i 



(B.6) 



{F Vl ... Vn _ 1 {q) G i?[(pj). Now combining the expansion (B.5) with the property 
(3.18) we obtain: 

Fu + 2NAW(Xi(Q) = (-1) A '" 2) q N -' aIji> (-)~-'- F v _{q) (B.7) 
where := K . . . , u n ^), A := (Ai, . . . , A„_i), e« := (e^, . . . , e^), A^{\) := 
( S ^ife ^k) _i an d H • A := ^fe A/j. Thus, we can find all the series F„(q) if 

k=l °~ k = l 

e (1) 

wc know them for all v_ — = — belonging to a finite subset M C Z™ given by 

the intersection of the lattice Z" -1 with a fundamental domain of its sublattice 
2NA^ (Is 11 - 1 ) (here we use the fact that A 1 -" 11 ) is a nondegenerate integral matrix). 

In fact, if we split the sum in (B.6) into two sums, the first, over the fundamcn- 

e (i) 

tal domain L + = — and the second, over the its translates 2NA { - n > (A) - wc find 
2 

(using (B.7)): 

F(Ci2,...,Cn-m;r) - Yl F„{q)F^ N Xb 2 ,...,Cn-in,T) (B.8) 

where the series 

FW(Ci2,...,Cn-i„;r) := 

. = (-l) A - <2) g^A-A'-'fAJ-^-A e 2ni(v + 2NAW(\))-t ( R g) 

Ae5 



(C := ((12, . . . , Cn-in)) are absolutely convergent to analytic functions in ( and r 
with 7m t > according to the general theory of the theta-series. If F is symmetric 
as a series in d , . . . , £„ then the above basic scries can be further symmetrized 
in Ck (k = 1, . . . ,n). 

This completes the proof of Proposition 3.4. 
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